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[1] The long-term rheological properties of the lithosphere are fundamental for
understanding both surface tectonics and mantle dynamics on Earth. In this study, we have
developed 3-D finite element models for computing the load-induced surface deformation
and stress for lithosphere and mantle with realistic nonlinear viscoelastic rheology including
the frictional sliding, low-temperature plasticity, and high-temperature creep. We have
determined the lithospheric deformation and stress due to volcano loading in the Hawaiian
Islands region for the last few million years. By comparing model predictions with seismic
observations of the depth to the top of oceanic crust and depth dependence of seismicity in the
Hawaiian Islands region, we have sought to constrain lithospheric rheology. Our calculations
show that the load-induced surface deformation is controlled by low-temperature plasticity
and frictional sliding but is insensitive to high-temperature creep. Lithospheric strength
predicted from laboratory-derived low-temperature plasticity needs to be reduced
significantly, and a frictional coefficient μf ranging from 0.1 to 0.7 is required in order to
account for the observations. However, μf= 0.1 weakens the shallow part of the lithosphere
so much that it causes the minima in strain rate and stress to occur at too large depths to be
consistent with the observed depth distribution of seismicity. Our results therefore suggest a
value for μf between 0.25 and 0.7. Finally, the maximum stress that accumulates in the
deformed lithosphere beneath the Hawaiian Islands is about 100–200MPa for models that
match the observations, and this stress may be viewed as the largest lithospheric stress
on Earth.

Citation: Zhong, S. J., and A. B. Watts (2013), Lithospheric deformation induced by loading of the Hawaiian Islands and
its implications for mantle rheology, J. Geophys. Res. Solid Earth, 118, 6025–6048, doi:10.1002/2013JB010408.

1. Introduction

[2] An understanding of lithospheric rheology is funda-
mental to many branches of geodynamics including litho-
spheric dynamics, plate tectonics, mantle convection, and
neotectonics. Two complementary approaches have been
employed to study the rheology, and they are laboratory ex-
periments on rock/crystal samples and modeling field-based
observations. The focus to date has been the rheology of
the mantle at sublithospheric conditions (i.e., at relatively
high temperatures of>1100°C), including laboratory deforma-
tion experiments for olivine [e.g., Hirth and Kohlstedt, 2003;
Karato and Wu, 1993; Karato, 2008] and field-based studies
such as postseismic deformation [e.g., Freed et al., 2010],
glacial isostatic adjustment [e.g., Peltier, 1976; Mitrovica
and Forte, 1997; Paulson et al., 2007], and dynamic topogra-
phy and geoid [e.g., Hager and Richards, 1989; King, 1995].

These studies have provided important constraints on the
rheology of the sublithospheric mantle that help understand
not only fundamental geodynamic processes such as long-
wavelength mantle convection and supercontinent cycles
[e.g., Zhong et al., 2007a; Höink et al., 2012] but also socie-
tally important questions including glacial ice loss and sea
level rise for the present-day Earth [e.g., Milne et al., 2009;
A et al., 2013].
[3] However, mantle rheology at lithospheric conditions

(i.e., temperature <1100°C) is not as well understood [e.g.,
Mei et al., 2010]. Laboratory studies suggest that rock defor-
mation at lithospheric conditions operates at three different
and highly nonlinear regimes: brittle or frictional sliding,
semi-brittle, and plastic flow (Figure 1) [e.g., Kohlstedt et al.,
1995; Mei et al., 2010]. Brittle and frictional sliding domi-
nates lithospheric deformation at relatively shallow depths
and low temperatures where lithospheric strength (i.e., yield
stress) is controlled by Byerlee’s law (Figure 1). At large
depths and high temperatures, mantle deformation is con-
trolled by two different mechanisms of plastic flow. For tem-
peratures between ~400°C and ~800°C, mantle deformation
is controlled by glide of dislocations with lattice resistance
or the Peirels stress (i.e., low-temperature plasticity). For
temperatures higher than ~800°C, the deformation is con-
trolled by diffusion and dislocation creep (Figure 1). The
semi-brittle regime is transitional between frictional sliding
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and plastic flow (i.e., low-temperature plasticity) with multi-
ple deformation mechanisms, and lithospheric strength is not
well defined for this regime [Kohlstedt and Mackwell, 2009].
The multiple deformation regimes and their nonlinearity
greatly limit the efficacy of laboratory and field-based in situ
studies of lithospheric rheology.
[4] An important aspect of the rheology of the lithosphere is

the yield strength. Yield strength envelope considerations
(Figure 1) suggest that the upper lithosphere in the brittle
and semi-brittle regimes has a strength greater than 500MPa
[e.g.,Kohlstedt andMackwell, 2009]. Such a high lithospheric
strength appears to be consistent with field-based observations
of stresses in the vicinity of oceanic islands and seamounts
from flexural loading calculations [e.g., Kanamori, 1980;
Watts, 2001]. However, lithospheric stresses and strength ap-
pear heterogeneous with much smaller stresses (i.e., tens of
MPa) inferred for plate boundaries and regions of active
faulting from thermal, seismic, and tectonic considerations
[Kanamori, 1980; Lachenbruch and Sass, 1988]. The reduced
lithospheric stress and strength in these tectonic settings may
be associated with the dynamics of the faulting process, ele-
vated pore pressure (hydration and serpentinization) [e.g.,
Ruepke et al., 2009; Byerlee, 1978; Kohlstedt et al., 1995],
or slow healing of preexisting faults [e.g.,Gurnis et al., 2000].
[5] Plate tectonics is unique to Earth and has important

controls on the dynamic evolution of our planet [e.g.,
Bercovici, 2003; Davaille and Jaupart, 1994]. However, it
remains an open question as to how plate tectonics emerges
from mantle convection for Earth and why other planets

including Mars and Venus have stagnant lid mantle convec-
tion without plate tectonics [e.g., Bercovici, 2003]. Mantle
convection modeling studies show that low lithospheric
yield stress (~100–200MPa) or small coefficient of friction
(0.03–0.13) is the key to producing plate tectonics-like surface
motions [e.g., Moresi and Solomatov, 1998; Tackley, 2000;
Lenardic et al., 2003; Van Heck and Tackley, 2008; Foley
and Becker, 2009]. While the required low lithospheric yield
strength seems consistent with the reduced lithospheric
strength for plate boundaries and faults [e.g., Kanamori,
1980], it is contradictory with >500MPa yield stress from
laboratory studies [e.g., Kohlstedt and Mackwell, 2009],
some flexural loading studies [e.g., Watts, 2001], and in situ
borehole measurements of the frictional coefficient of 0.6
[e.g., Zoback and Townend, 2001].
[6] The goal of this study is to constrain lithospheric rheol-

ogy and stress by modeling the vertical displacement induced
by volcanic loading associated with the emplacement of the
Hawaiian Islands on the interior of the Pacific plate and com-
paring the modeled displacements with the observed. We use
three-dimensional finite element loading models that include
realistic viscoelasticity and lithospheric rheology constrained
by recent laboratory studies (Figure 1), i.e., the yielding
governed by the Byerlee’s law and low-temperature plastic-
ity flow law [e.g., Mei et al., 2010]. The paper begins by
reviewing the pertinent laboratory experiments on mantle
rheology at lithospheric conditions and the relevant geophys-
ical observations of lithospheric deformation in the region of
the Hawaiian Islands volcano loads. We then describe the

Figure 1. A schematic diagram (modified from Mei et al. [2010] and also see Kohlstedt and Mackwell
[2009]) for lithospheric strength versus depth and temperature and for three lithospheric deformation re-
gimes: frictional sliding, semi-brittle, and plastic flow. The plastic flow regime consists of two subregimes
of the low-temperature plasticity and high-temperature creep. Curves a, b, and c represent three different
published flow laws for the low-temperature plasticity, while curve d is for a high-temperature creep flow
law. The frictional sliding limits the lithospheric strength for depth down to ~10 km before transitioning to
the semi-brittle regime. The brittle-plastic transition (BPT) occurs where the low-temperature plasticity be-
comes dominant over the semi-brittle deformation (i.e., where the low-temperature plasticity flow law in-
tercepts the Goetze criterion) [Kohlstedt and Mackwell, 2009].
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loading model, the numerical methods, and the loads.
Finally, we compare the observed and calculated deforma-
tion in an attempt to constrain mantle rheology in the interior
of an oceanic lithospheric plate.

2. Lithospheric Rheology From Laboratory
and Field-Based Studies

2.1. Laboratory Studies

[7] Laboratory studies suggest that rock deformation at lith-
ospheric conditions (i.e., for temperatures<1100°C) operates
at three different regimes: brittle or frictional sliding, semi-
brittle, and plastic flow (Figure 1) [e.g., Kohlstedt et al.,
1995]. At shallow depths and low temperatures, deformation
involves frictional sliding and the shear stress/strength τ at
which frictional sliding occurs is related to the normal stress
σn as (Figure 1) [e.g., Byerlee, 1978; Kohlstedt et al., 1995]:

τ ¼ μf σn þ Cf ; (1)

where μf is the coefficient of friction ranging from 0.6 to 0.85
and Cf is the frictional cohesive strength. When pore fluids are
present, pore pressure may reduce the shear strength by reduc-
ing the effective normal stress [e.g., Kohlstedt et al., 1995].
[8] At relatively high temperatures (> ~ 400°C), mantle

deformation may be dominated by plastic flow which is con-
trolled by dislocation glide that is resisted by lattice friction
(i.e., the Peierls stress) for temperatures< ~800°C (i.e.,
low-temperature plasticity) and by dislocation and diffusion
creep for temperatures> ~800°C (i.e., high-temperature
creep) [e.g., Mei et al., 2010]. The flow law for low-temper-
ature plasticity is given by an exponential law equation
[Evans and Goetze, 1979; Mei et al., 2010]:

ε̇ ¼ Aσn exp � Ep

RT
1� σ

σp

� �p� �q� �
; (2)

where ε̇, σ, T, and R are the strain rate, stress, temperature,
and gas constant, respectively, σp is the Peierls stress or glide
resistance, and Ep is activation energy for dislocation gliding.
Early studies used indentation experiments on olivine single
crystal and aggregates for temperatures up to 700°C [Evans
and Goetze, 1979]. Recent developments include relaxation
experiments in DIA apparatus at high pressure for tempera-
ture from 500 to 890°C by Raterron et al. [2004] and steady
state experiments in deformation DIA for temperature from
400 to 1000°C byMei et al. [2010]. These studies yield quite
different flow laws with the weakest and strongest litho-
spheric strength reported by Raterron et al. [2004] and Mei
et al. [2010], respectively (Figure 1). A recent study of triax-
ial compression experiments on olivine single crystals by
Demouchy et al. [2013] also suggested a relatively low
strength for lithosphere compared with previous studies.
[9] The dislocation and diffusion creep at high tempera-

tures is well described by the power law that in its simplest
form is given by

ε̇ ¼ Aσn exp � Ec

RT

� �
; (3)

where n is the power law exponent which is 1 for diffusion
creep and 3–3.5 for dislocation creep, Ec is the activation en-
ergy for creep and is ~500 KJ/mol for various conditions, and

pre-exponential factor A depends on pressure, grain size, and
the volatile content [e.g., Hirth and Kohlstedt, 2003; Karato
and Jung, 2003].
[10] The semi-brittle deformation regime is a transitional re-

gime between the frictional sliding and low-temperature plas-
ticity, and it limits the lithospheric strength as predicted by
frictional sliding and low-temperature plasticity. However,
the semi-brittle deformation regime is not well understood.
Kohlstedt and Mackwell [2009] pointed out that the semi-
brittle deformation initiates when the plastic flow strength is
about five times of the frictional strength, which is referred
to as the brittle-ductile transition (BDT). As depth/pressure
and temperature increase, brittle deformation is prevented
and the semi-brittle deformation switches to fully plastic flow,
which defines the brittle-plastic transition (BPT) [Kohlstedt
and Mackwell, 2009]. The BPT is determined by the Goetze
criterion (Figure 1) [Kohlstedt et al., 1995; Kohlstedt and
Mackwell, 2009].Mei et al. [2010] suggested that the BPT oc-
curs at shallower depths for weaker flow law for low-temper-
ature plasticity (Figure 1). However, between the BDT and
BPT, neither the lithospheric strength nor deformation mech-
anism is well defined [Kohlstedt and Mackwell, 2009].
[11] Water may also have an important effect on lithospheric

rheology, as suggested by laboratory studies [e.g., Hirth and
Kohlstedt, 1996]. The melting process at the mid-ocean ridge
that produces the oceanic crust, for example, may leave
the melt residue layer (i.e., approximately the top 80 km)
dehydrated with a factor of 10 and higher increase in viscosity,
compared to undepleted mantle under the same conditions
[Hirth and Kohlstedt, 1996]. On the other hand, hydration of
oceanic lithosphere may reduce its strength [Ranero et al.,
2003; Ruepke et al., 2009; Katayama and Karato, 2008].

2.2. Field-Based Studies

[12] Surface observations such as topography, the gravita-
tional field, and the seismic structure provide independent
constraints on lithospheric rheology and are therefore poten-
tially of great importance in calibrating laboratory work. The
viscosity of the upper mantle including the asthenosphere
is< ~1021 Pa s, as constrained by postglacial rebound and
postseismic deformation processes that operate on time scales
of 1–105 years [Peltier, 1998; Mitrovica and Forte, 1997;
Paulson et al., 2007; Freed et al., 2010]. The lithosphere,
due to its lower average temperature, is expected to be much
more viscous than the asthenosphere. Therefore, in order to
constrain lithospheric rheology, one must rely on observations
associated with long-term (>106 years) geological loads such
as those associated with erosion, sedimentation, volcanism,
rifting, and mountain building [Watts, 1978; McNutt, 1980].
[13] The Earth’s response to long-term loads is usually

modeled as a thin elastic plate that overlies an inviscid fluid
(i.e., zero viscosity) [e.g., Watts, 2001]. By comparing the
surface topography and gravity or geoid anomaly to the pre-
dictions of an elastic plate model, it is possible to determine
the flexural rigidity or elastic plate thickness of the litho-
sphere in the vicinity of a load [e.g., Watts, 1978; Forsyth,
1985]. Oceanic flexural studies suggest that the elastic thick-
ness is controlled by the thermal structure of the lithosphere
at the time of loading and given approximately by the depth
to the ~450°C isotherm based on cooling plate models. The
elastic thickness increases from ~10 km to 40 km as the age
of the lithosphere increases [e.g., Watts et al., 1980]. For
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example, at the Hawaiian Islands, which are 0–5Ma old and
have loaded 85–92Ma oceanic lithosphere, the elastic thick-
ness is ~30 km [e.g., Watts et al., 1980; Wessel, 1993]. The
elastic thickness is significantly less (~10 km) at similar age
volcanoes such as the Azores that have loaded lithosphere
of 10 to 12Ma [Luis and Neves, 2006]. Irrespective of ther-
mal structure, the elastic thickness may be reduced signifi-
cantly in high-curvature regions such as the outer rise
seaward of trenches [e.g., Judge and McNutt, 1991; Billen
and Gurnis, 2005; Contreras-Reyes and Osses, 2010] where
there is observational evidence of yielding through faulting.
[14] Despite the orders of magnitude differences in loading

times, it is important to attempt to relate the rheological prop-
erties of the lithosphere derived from field-based observations
such as the elastic thickness to those derived from laboratory
studies [e.g., Goetze and Evans, 1979]. That the elastic thick-
ness is controlled by lithospheric thermal structure is broadly
consistent with thermally controlled rheologies such as those
described in equations (2) and (3). The deviatoric stress up
to ~500MPa predicted near oceanic islands and seamounts
from the elastic plate model [e.g., Watts, 2001] is in general
agreement with the lithospheric strength from laboratory
studies (e.g., Figure 1). However, the elastic plate model is
insufficient in characterizing lithospheric rheology for two rea-
sons. First, the model does not consider the depth-dependent
frictional strength or Byerlee’s law. Second, the model ignores
load-induced, time-dependent, viscous stress relaxation and so
is unable to describe the rate of deformation and viscosity.
However, loading models with linear viscoelastic rheology
(e.g., n=1 in equation (3)) have shown that oceanic elastic
thicknesses values can be explained by an activation energy
Ec in the range of 120–250 KJ/mol [Watts et al., 2013; Watts
and Zhong, 2000; Courtney and Beaumont, 1983; Willett
et al., 1985].
[15] Other constraints on lithospheric rheology have come

from studies of long-term processes associated with plate
motions and mantle-lithosphere interactions. For example,
Asaadi et al. [2011] have shown that the shape of the
Hawaiian topographic swell requires a non-Newtonian
mantle rheology. van Hunen et al. [2005] have shown that
explaining the seismic results of the Pacific upper mantle
[Ritzwoller et al., 2004] with sublithospheric small-scale
convection requires an activation energy Ec for the lower
lithosphere of 120 KJ/mol for diffusion creep with n= 1 or
~360 KJ/mol for dislocation creep with n= 3.5.
[16] In order to constrain lithospheric rheology more effec-

tively, we therefore need to reformulate the flexure model to
include nonlinear rheological properties including the
Byerlee’s law and low-temperature plasticity (i.e., equations
(1) and (3)), which were ignored in previous studies [e.g.,
Watts, 2001;Watts and Zhong, 2000]. By comparing the cal-
culated deformation of the Pacific plate caused by the
Hawaiian Islands volcanic loads, using the newly formulated
models, to observations of seismically constrained depth to
the top of the oceanic lithosphere, we should then be able
to constrain mantle rheology.

3. Nonlinear Viscoelastic Loading Models and
Hawaiian Island Loads

[17] This section presents a model formulation for deter-
mining flexures induced by loads on a viscoelastic lithosphere

and mantle, discusses numerical solution procedures, and de-
scribes the construction of a volcanic loading history model
for the Hawaiian Islands region.

3.1. A Finite Element Model for Load-Induced
Deformation in a Viscoelastic Medium

3.1.1. Governing Equations and Boundary Conditions
[18] The response of an incompressible, viscoelastic me-

dium to loads can be described by the conservation laws of
mass and momentum [e.g., Wu, 1992]. Here we follow the
formulation for loading problems in Zhong [1997]. The
governing equations are

ui;i ¼ 0; (4)

σi j;j � ρ0gu3ð Þ;i ¼ 0; (5)

where ui is the displacement, σij is the stress tensor, ρ0 and g
are the background mantle density and gravitational acceler-
ation, and u3 is the vertical component of the displacement.
The second term in (5) represents the restoring force at den-
sity interfaces such as the top surface of the deformed plate.
We use notation such that A,i represents the derivative of var-
iable A with respect to xi, and repeated indices indicate sum-
mation over those indices.
[19] Our loading model is modified from a three-dimen-

sional (3-D) spherical shell model which was used by
Zhong et al. [2003] in their studies of postglacial rebound.
The model is applicable to different coordinate systems in-
cluding 2-D Cartesian, 2-D axisymmetric, 3-D Cartesian,
and regional spherical geometries. For the loading calcula-
tions presented here, the model is set up for a 3-D Cartesian
box. The boundary conditions for the bottom of the box at
z = 0 and the four sidewalls of the box are free slip (i.e., zero
shear stress and zero normal displacement), while the top
boundary is treated as a deformable free surface that is
subjected to time-dependent loads

σijnj ¼ σL x; y; tð Þni; (6)

where ni is the normal vector of the top surface and σL(x,y,t)
represents the pressure produced by the loads (e.g., volcanic
material) at the surface at location (x,y) and time t.
3.1.2. Rheological Equations
[20] The rheological equation for an incompressible

Maxwellian media is given by [e.g., Zhong et al., 2003]

σij þ η
μ
dσij
dt

¼ �pδij þ η
dεij
dt

; (7)

where η and μ are the viscosity and shear modulus,
respectively, p is the dynamic pressure, δij is the Kronecker
delta function, and εij is the strain tensor that includes both
elastic and viscous strains and is related to displacement
ui as εij = (∂ui/∂xj + ∂uj/∂xi)/2 [Zhong et al., 2003].
[21] In this study, we incorporate a nonlinear rheology for

the lithosphere and mantle: Byerlee’s law, low-temperature
plasticity, and high-temperature creep flow (i.e., equations
(1)–(3)), while assuming a relatively simple model for shear
modulus that is either constant or only dependent on depth.
The high-temperature creep flow law is approximated by a
composite power law rheology that combines both diffusion
and dislocation creep [e.g., Hirth and Kohlstedt, 2003]. A
simplified form of this flow law where the activation energy
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Ec is the same for both creep mechanisms is given by
[Podolefsky et al., 2004]

η ¼ Af

1þ σ=σtranð Þn�1 exp
Ec

RT

� �
; (8)

where η is the effective viscosity, σ is the second invariant of
deviatoric stress tensor, σtran is the transition stress between
dislocation and diffusion creep, and Af is a pre-exponential
factor that includes the effects of grain size and water content.
We ignore the pressure dependence in viscosity. This is jus-
tified for the long-term loads in this study because the mantle
viscosity in the lithosphere (i.e., at relatively small pressure)

is more important than the mantle viscosity in the astheno-
sphere. We assume n = 3.5, unless otherwise indicated.
Therefore, the three main controlling rheological parameters
for high-temperature creep are activation energy Ec, transi-
tion stress σtran, and pre-exponential factor Af. Given that
the stress in the asthenosphere is small and temperature is
nearly constant at Tm = 1623 K (i.e., 1350°C), the pre-
exponential factor Af can be expressed in terms of the
reference asthenospheric viscosity η0 as

η0 ¼ Af exp
Ec

RTm

� �
: (9)

500

500

1000

1500

Figure 2. (a) Bathymetry, (b) seafloor age, (c) swell topography from a median filter, and (d) residual to-
pography (i.e., volcanic loads) after corrections for swell topography and thermal isostasy. The white cir-
cles in Figure 2a indicate locations where seismic constraints exist on the top and bottom of oceanic
crust (i.e., flexures). The contour interval in Figure 2c is 250m. Figure 2d only shows the loads below
the sea level, and the line segments in Figure 2d outline four regions with each region that covers a loading
stage (see Table 1). The seafloor age plotted in Figure 2b is for version 3.2, but the age used in model cal-
culations is from version 1.6 [Muller et al., 1997]. However, our model results are insensitive to the differ-
ence between versions 1.6 and 3.2 [Muller et al., 1997, 2008].
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Equation (8) can then be rewritten as

η ¼ η0
1

1þ σ=σtranð Þn�1 exp
Ec

RT
� Ec

RTm

� �
: (10)

[22] For low-temperature plasticity, the exponential flow
law may have different forms [e.g., Mei et al., 2010]. In this
study, we consider four published flow laws [Mei et al.,
2010; Raterron et al., 2004; Katayama and Karato, 2008;
Evans and Goetze, 1979], but we use the flow law by Mei
et al. [2010] (i.e., n = 2, p= 1/2, and q= 1 in equation (2))
as an example in the following discussion. The effective vis-
cosity based on Mei et al. [2010] can be expressed as

η ¼ σ
ε̇
¼ 1

Atσ
exp

Ep

RT
1�

ffiffiffiffiffi
σ
σp

r� �� �
; (11)

where At, Ep, and σp are the pre-exponential factor, activation
energy, and Peierls stress, respectively, and are experimen-
tally determined and listed in the respective publications.
[23] For Byerlee’s law (i.e., equation (1)), we use a simpli-

fied form

τy ¼ μf σn; (12)

where τy is the frictional strength or yield stress and the
normal stress σn is assumed to be hydrostatic pressure that
includes the load pressure. The effective viscosity in the
frictional sliding regime is

η ¼ τy	
ε̇ ; forσ > τy: (13)

[24] In practice, for temperatures greater than a threshold
(i.e., 800°C), equation (10) for high-temperature creep is used
to determine the effective viscosity, and different threshold
temperatures are also used to test its effects. At temperatures
lower than the threshold, the effective viscosity is taken as
the smaller of those predicted from equations (11) and (13)
for low-temperature plasticity and Byerlee’s law. However, no
threshold temperature is set for the transition between the
low-temperature plasticity and frictional sliding regimes,
and the transition is dynamically determined by equations
(11) and (13). Because no flow law is available for the poorly
understood semi-brittle regime [e.g., Kohlstedt and Mackwell,
2009], semi-brittle deformation is approximated by low-
temperature plasticity and frictional sliding deformation
(i.e., equations (11) and (13)) and is not explicitly considered
in our models. However, this approximation is justified and
does not introduce significant error into our model results as
will be discussed later. Because the frictional strength (i.e., yield
stress τy) is generally large at large depths, the effective vis-
cosity of lithosphere at temperatures below 800°C is mostly
determined by low-temperature plasticity.

3.2. Models of Hawaiian Volcanic Loads and
Lithospheric Thermal Structure

[25] The Hawaiian volcanic island chain (Figure 2a)
formed over the last tens of Ma as the Pacific plate moves
westward above a thermal plume [Morgan, 1971] which ap-
pears to have been fixed with respect to the deep mantle for at
least the last ~40 Myr [Tarduno et al., 2003]. The big island,
Hawaii, the youngest island in the chain was formed in the

last million years on ~80Ma old seafloor (Figure 2b). The
volcanic loads that comprise the chain have been derived
from the present-day bathymetry and vary in time and space.
Here we describe the steps with which the loads are derived.
3.2.1. Spatial Pattern of Volcanic Loads
[26] We use a GEBCO 1× 1 minute bathymetric grid data

for a 30°× 30° region (5°N to 35°N and 187.5°E to 217.5°E).
The grid was resampled onto a grid with a resolution of
1/30° and the resultant data are used for the analysis. In order
to construct a model of the volcanic loads, we need to first
separate other contributions to topography such as those as-
sociated with thermal isostasy and the dynamics of the
Hawaiian plume. Thermal isostasy can be corrected for by
consideration of the age of the seafloor and the plate cooling
models. The Hawaiian plume is associated with a topo-
graphic swell ~1.2 km high and ~1000 km wide (Figure 2a)
that probably results from the isostatic compensation of the
plume buoyancy near the base of the lithosphere [e.g.,
Davies, 1988; Olson, 1990; Ribe and Christensen, 1994].
Both the thermal isostasy-induced topography and the swell
topography have a distinctly larger length scale than the to-
pography associated with the volcanic loads and loading pro-
cess which simplifies their removal from bathymetric data.
[27] To remove thermal isostasy effects, we use an ocean

depth-age relation that was derived from an analysis of
North Pacific bathymetry by Hillier and Watts [2005]:

d ¼ 3010� 307t1=2s ; for ts ≤ 85Ma;

d ¼ �6170þ 3010exp �0:026tsð Þ; for ts > 85Ma;
(14)

where d is the ocean depth in meters and ts represents the sea-
floor age and is taken from Muller et al. [1997] (Figure 2b).
Hillier and Watts [2005] analyses differ from previous anal-
yses [e.g., Stein and Stein, 1992] in that seamounts and oce-
anic islands were removed with a filter. Hillier and Watts’
results are confirmed by Zhong et al. [2007b] who used dif-
ferent methods to remove these topographic effects. To re-
move the Hawaiian topographic swell, we applied a 500 km
median filter, similar to Hillier and Watts [2005], and we
found this filter width to be effective in removing the swell
topography (Figure 2c).
[28] The topography after removal of thermal isostasy and

swell effects shows large, positive features, representing the
surface loads associated with the volcanic chain constructs
and flanking negative topography, representing the flexural
depressions caused by these loads. The resulting residual
topography is approximately zero at large distance from the
island chain (Figure 2d). The residual topography map is used
to build the loads σL(x,y,t) that are required in equation (6).
The loads σL(x,y,t) consist of two parts: so-called “static”
loads σLS(x,y,t) and “dynamic” loads σLD(x,y,t). We divide
the island chain into four different regions, shown in outline
in Figure 2d. Positive topography in these regions is consid-
ered as the static part of volcanic loads σLS(x,y,t). Volcanic
loads flex the lithosphere and produce significant subsidence
below the loads and their close proximity and moderate uplift
at some intermediate distance. Because of the way that subma-
rine volcanoes evolve, we should expect that the subsidence
would be filled with the same volcanic rocks as the loads
immediately beneath the loads and with volcanoclastic and
pelagic sediments in surrounding regions. These infills of the
flexural depressions form the dynamic part of the loads σLD
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(x,y,t). We refer to the infills as dynamic loads, because the
depression induced by the loads depends on the mechanical
structure of the lithosphere. Therefore, the dynamic loads
σLD(x,y,t) comprise the volcanic rock infill between the
depressed surface and the base of the static volcanic loads in
the region of the volcanic loads and the sediment infill
between the depressed surface and the corrected topography
in Figure 2d outside of the volcanic loads [e.g., Watts and
ten Brink, 1989].
3.2.2. Temporal Pattern of Volcanic Loads
and Loading History
[29] The Hawaiian volcanic island chain has been

emplaced on the Pacific plate over a period of several million
years. The further east an island is, the younger it is. For ex-
ample, Hawaii formed within the last million years [Moore
and Clague, 1992], while the shield to post-shield building
phase on Molokai was between 2Ma and 1Ma ago, and on
Oahu between 4 and 2Ma ago [Clague and Dalrymple,
1988]. Because the precise history of volcanic island build-
ing is not well constrained (e.g., the shield building times)
[e.g., Moore and Clague, 1992], we use a simplified loading
history in which the loading takes place in five time stages
over a total of 2.1 Ma (Table 1). The loads in each of the four
regions in Figure 2d are applied over a certain period of time
with one stage following the other, starting from region 1 for
the oldest islands. In each loading stage, the loads are as-
sumed to increase linearly with time from zero to their full
amplitude as constrained by the residual topography map
(e.g., Figure 2d). The final loading stage for the last 100 Ka
does not include any new loads.
[30] The total loading time of 2.1Ma over the five stages is

significantly shorter than the likely island-building time, par-
ticularly for the first two stages for the old islands (Table 1).
However, the loading times for Hawaii between 0.1 and
1.1Ma ago and for Molokai from 2.1Ma to 1.1Ma ago are
generally consistent with observations [Moore and Clague,
1992; Clague and Dalrymple, 1988]. The loading time for
Oahu, which has been grouped together with Molokai in
the same loading stage (Figure 2d, and Table 1), is however
clearly an approximation [Clague and Dalrymple, 1988].
The shortened loading time is used to reduce computational
cost. However, since we only model the present-day flexures
(i.e., the top of oceanic crust) near Hawaii, Oahu, and
Molokai, the details in loading history including the short-
ened loading time do not affect our results, as will be
discussed in a later section.
3.2.3. Lithospheric and Mantle Thermal Structure
[31] The temperature field is the key for constraining viscos-

ity, hence lithospheric rheology (e.g., equations (2) and (3)).
In this study, we assume a cooling half-space model

for computing the lithospheric and mantle temperature
[e.g., Turcotte and Schubert, 2002],

T ¼ To þ Tm � Toð Þerf y

2
ffiffiffiffiffiffi
κts

p
� �

; (15)

where erf stands for the error function, y is the depth, ts is the
crustal age, κ is thermal diffusivity, and Tm and To are the
mantle and surface temperatures, respectively (Table 2).
[32] A number of assumptions and potential complications

need some discussion. First, the mantle plume is likely to
modify the mantle and lithospheric thermal structure pre-
dicted by equation (15) [e.g., Ribe and Christensen, 1994].
However, both mantle dynamic modeling and surface heat
flow and elastic thickness observations have shown that
the plume may not affect either the thermal or mechanical
structure of the uppermost part of the lithosphere (i.e., the top
50–70 km) at Hawaii [Ribe and Christensen, 1994; Zhong
and Watts, 2002; von Herzen et al., 1989]. Because our load-
ing model is mostly sensitive to the thermal structure of the
upper lithosphere, this suggests that the cooling half-space
model is generally applicable. Second, we assume that the
effects of magma and melts on the lithospheric thermal
structure are small and can be ignored. Third, the litho-
spheric thermal structure estimated from present-day crustal
age (Figure 2b) is assumed for the entire loading period and
therefore ignores the fact that the lithosphere was younger
and probably hotter when the volcanic island loads were
first emplaced on the surface. However, since we are only

Table 1. A Five-Stage Loading History Model

Stage tB (Ka)a tE (Ka)a Loading Regionb

1 2150.6 2125.3 1
2 2125.3 2100 2
3 2100 1100 3
4 1100 100 4
5 100 0 -

atB and tE are the beginning and ending times for each loading stage in
thousand years (Ka) before the present.

bLoading regions are specified in Figure 2d and are numbered as regions 1,
2, 3, and 4 from west to east. For the fifth stage, no new loads are added.

Table 2. Model Parameters

Parameter Value

Mantle temperature, Tm 1350°C
Shear modulus, μ 0.333 × 1011 Pa
Thermal diffusivity, κ 10�6m2/s
Gravitational acceleration, g 9.8m/s2

Gas constant, R 8.32 J/(molK)
Mantle density, ρ0 3330 kg/m3

Crustal density, ρc 2800 kg/m3

Water density, ρw 1030 kg/m3

Rock infill density, ρrk 2800 kg/m3

Sediment infill density, ρsd 2300 kg/m3

High-temperature creep rheology (equation (10))
Power law exponent, n 3.5
Activation energy, Ec

a 360 KJ/mol
Transition stress, σtran

a 3 × 105 Pa
Asthenospheric viscosity, η0

a 1020 Pas
Low-temperature plasticity (equation (11) for Mei et al. [2010])
Activation energy, Ep 320 KJ/mol
Prefactor, At

a 1.4 × 10�7 s�1MPa�2

Peierls stress, σp 5.9GPa
Other low-temperature plasticity flow laws
Katayama and Karato [2008]:

ε̇ ¼ 107:8σ2 exp �5:18� 105 1� σ GPað Þ=2:87ð Þ½ �2= RTð Þ
n o

Raterron et al. [2004]:

ε̇ ¼ 2:6� 1016 exp �5:64� 105 1� σ GPað Þ=15:4ð Þ2=3
h i2

= RTð Þ
� �

Evans and Goetze [1979]:

ε̇ ¼ 1:3� 1012 exp �4:99� 105 1� σ GPað Þ=9:1ð Þ½ �2= RTð Þ
n o

aThese parameters are varied in model calculations to examine
their sensitivity.
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interested in the regions with young volcanism (<~4Ma),
the time dependence in lithospheric thermal structure is
not expected to affect our results significantly.

3.3. A 3-D Cartesian Finite Element Model

[33] The governing equations (4) and (5) with the visco-
elastic rheological equation (7) can be solved analytically if
both shear modulus μ and viscosity η are the only depth-
dependent variables, as for postglacial rebound [e.g., Peltier,
1998] or long-term crustal and lithospheric deformation studies
[Zhong, 1997]. However, if μ or η is laterally variable due to
a nonlinear rheology or lateral temperature variations,
numerical solutions are needed, for example, a finite element
method in postglacial rebound studies [e.g., Zhong et al.,
2003]. In this study, we modified the finite element code in
Zhong et al. [2003] to incorporate nonlinear rheological
equations (10), (11) and (13) in a 3-D Cartesian model.
[34] Most of the details of the finite element analyses in-

cluding a variational form for the finite element formulation
and time discretization of the rheological equation (7) can
be found in Zhong et al. [2003]. For the nonlinear rheology
assumed in this study, we use an iterative scheme in which
at each time step, the effective viscosity is updated iteratively
using an updated stress field, until the relative change in dis-
placement field is less than 1%, similar to that used in model-
ing mantle convection with nonlinear viscosity [e.g., Zhong
et al., 1998].
[35] Benchmark calculations have been performed to vali-

date the finite element code for surface loading of a viscoelas-
tic medium with depth-dependent viscosity for which
analytical solutions of the time-dependent surface deforma-
tion are available for comparison [Zhong, 1997]. The bench-
mark results (Appendix A) demonstrate the effectiveness of
our finite element loading models.
[36] The spatial domain of the model corresponds to

the 15° ×15° region of the study area, as depicted in
Figure 2 (i.e., 12.5°N to 27.5°N and 195°E to 210°E). By
using the Cartesian box model, we ignore the spherical
geometry effect. We use the following coordinate transfor-
mation to map the longitude ϕ and latitude θ to Cartesian
coordinates x and y:

x ¼ R ϕ � ϕ1ð Þπ=180 cosθ2;
y ¼ R θ � θ1ð Þπ=180; (16)

where θ1 = 12.5°N and ϕ1 = 195°E which specify the coordi-
nates for the left lower corner of the model domain and are
mapped to x= 0 and y= 0, R= 6370 km, and θ2 = 27.5°N is
the latitude of the northern boundary of the model domain.
As a result, the 3-D Cartesian box of our model is
1479.23 km and 1667.66 km in length in the x (i.e., east-west)
and y (i.e., north-south) directions, respectively. The box is
500 km in depth, covering only the upper mantle. The model
box is sufficiently large such that the results are not sensitive
to the box size.
[37] The model uses 32 elements in a vertical direction and

192 elements in each of the horizontal directions. The grid is
significantly refined in the vertical direction with 5 km per el-
ement for the top 50–80 km of the model (i.e., the upper lith-
osphere). Such a numerical resolution is found sufficient to
define the loads and to resolve the deformation. The model
uses a uniform time step Δt= ctM, where c is a constant

fraction (e.g., 0.25) and tM= η0/μ is the Maxwell time of
the upper mantle, where η0 is the reference asthenospheric vis-
cosity as in equation (9) and μ is the mantle shear modulus
(Table 2). In our study, η0 is chosen to be 1020 Pa s for most
cases in deriving mantle viscosity for high-temperature creep
flow in equation (10). However, this would lead to
tM~100years and even smaller time step Δt, making the
modeling computationally expensive. Since the stress in the
upper mantle with ~1020 Pa s viscosity should be largely re-
laxed on the time scales of 1Ma as in our models, the relevant
stress relaxation should be focused within the lithosphere [e.g.,
Watts and Zhong, 2000]. To circumvent the difficulty, we im-
pose a lower limit on the upper mantle viscosity at 1021 Pa s
and use Δt= ctM1 where tM1~ 1000 years is the Maxwell time
determined by 1021 Pa s. Our numerical tests show that this
procedure does not affect the stress relaxation in the upper lith-
osphere while significantly reducing the number of time steps
needed and hence computational cost.

4. Observations of Load-Induced Flexure and
Seismicity at Hawaii

[38] Two types of observations are used to constrain our
loading models and lithospheric rheology. They are the
load-induced flexures of the top of the oceanic crust and seis-
micity in the Hawaiian region. The flexures of the top of the
oceanic crust are now partly obscured by volcanoclastic and
pelagic sediments or volcanic rocks (i.e., the infills). The bur-
ied, flexed surfaces will still be visible, however, in seismic
reflection profiles because of the large acoustic impedance
contrast between the infill material and the upper oceanic
crust. For example, the Hawaiian seismic experiment (R/V
Conrad cruise C2308) included three seismic reflection pro-
files which intersected the Hawaiian Islands between Oahu
and Molokai and seven seismic refraction profiles that linked
the reflection profiles [Watts et al., 1985; Watts and ten
Brink, 1989]. Other constraints on the depth to the top of
the oceanic crust have been provided by seismic surveys at
various other sites near Hawaii [Zucca et al., 1982; Zucca
and Hill, 1980; Shor and Pollard, 1964]. The seismic data re-
veal that the top and bottom of normal thickness Pacific oce-
anic crust is flexed downward from its normal depth by up to
a few kilometers and that the amount of flexure systemati-
cally increases toward the islands (e.g., Figure 3a). Watts
and ten Brink [1989] used a subset of the flexure data from
the Oahu/Molokai seismic profiles and the data points near
Hawaii to determine the elastic thickness in the Hawaiian
Islands region to be ~40 km. Wessel [1993] reanalyzed the
flexure data of the Oahu/Molokai seismic profiles by remov-
ing the swell topography and reported an elastic thickness of
~33 km below the loads.
[39] Load-induced surface vertical motions are also appar-

ent in submerged reef data in the vicinity of the Hawaiian
Islands. Reefs formed initially at sea level on Molokai and
Hawaii are now at depths down to ~1300m below sea level,
and these reefs are dated at ~500 Ka or younger [Moore and
Campbell, 1987; Ludwig et al., 1991] (Figure 3b for depth lo-
cations of six groups of reefs of different ages on the north-
west side of Hawaii). These reefs have subsided together
with the islands, as the islands grow and new volcanic loads
are added to cause the subsidence. Such time-dependent ver-
tical motions provide constraints on the growth history of the
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islands [Moore and Clague, 1992] and loading models
[Watts and Zhong, 2000].
[40] The load-induced lithospheric deformation also mani-

fests itself in seismicity data beneath and around the
Hawaiian islands, especially Hawaii [e.g., Wolfe et al.,
2004]. The seismicity within ~200 km distance from the
center of Hawaii recorded by the PLUME seismic network
and in the Hawaiian Volcano Observatory catalog shows a
minimum in activity at ~20 km depth and two peaks at crustal
(0–15 km) and mantle depths (35–40 km), respectively
(Figure 3c) [Anchieta et al., 2011]. The seismicity pattern
has implications for the flexure, the stress, and the litho-
spheric rheology [Anchieta et al., 2011; Pritchard
et al., 2007].
[41] In this study, we use the full data set of seismically

constrained digitized depths to the top and bottom of oceanic
crust (i.e., Reflectors 2 and 3) along the three profiles that in-
tersect the Hawaiian Islands between Oahu and Molokai
[Watts and ten Brink, 1989] with proper corrections for swell
topography, thermal isostasy, and crustal thickness
(Figures 2a and 3a). We also used the results of other surveys
in the vicinity of Hawaii, notably those of Zucca and Hill
[1980] and Zucca et al. [1982]. The seismically constrained
flexures were corrected for thermal isostasy (Figure 2b) and
the swell topography (Figure 2c) in the same way as the to-
pography was corrected. For the flexures along the Oahu/
Molokai profiles, to reduce the local irregularities due, for ex-
ample, to intersecting fracture zones, we apply a 10 km win-
dow averaging [Wessel, 1993], and in the central region of
the loads, we only use an averaged flexure [Watts and ten
Brink, 1989]. For the Oahu/Molokai profiles, we also apply
corrections for oceanic crustal thickness variations that were
determined from the same seismic experiment (i.e., Reflector
3 from Watts and ten Brink [1989]). As discussed in Watts
and ten Brink [1989], the crustal thickness appears thinner
than normal on the north segments of the profiles near the
Molokai Fracture Zone, as it is at fracture zones elsewhere
[Detrick and Purdy, 1980]. We correct for the crustal

thickness effect on the flexure due to the islands loads, as-
suming local Airy isostasy at the time of formation of the sea-
floor using the following equation:

δH ¼ hc � hð Þ ρ0 � ρcð Þ= ρ0 � ρwð Þ; (17)

where δH is the correction to the topography, h and hc are the
crustal thickness and its average along the profiles, and ρ0, ρc,
and ρw are the mantle, crustal, and water densities, respec-
tively (Table 1). The flexures along the Oahu/Molokai pro-
files after the corrections are shown in Figure 3a, and it is
these profiles that have been used to constrain our loading
models.
[42] We define a measure of the model fit to the observa-

tions as

χ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑
N

i¼1
Mi � Oið Þ2

s
=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
∑
N

i¼1
Oi

2

s
; (18)

where N is the number of observation sites, i is the index for
observation site, andMi andOi are model prediction and seis-
mic observations of the flexures at the ith site. There are
many more data points for the Oahu/Molokai region than in
other regions, and in order to have a balanced assessment
of overall misfit, we assign 50% weighting to the Oahu/
Molokai sites and 50% weighting to other sites. While the
vertical subsidence and uplift history data at the Hawaiian
Islands were used to check the loading history models
(Figure 3b), they are not used in defining the misfit. In this
study, we also seek to constrain lithospheric rheology from
the observed seismicity (Figure 3c) by comparing it with
our model predictions of lithospheric deformation and stress.

5. Model Results

[43] In this section, we will first present results for simple
models that are equivalent to elastic plate models to illus-
trate the basic physics of the loading process and modeling

Figure 3. Seismically constrained depths to the top of oceanic crust (i.e., flexures) for the three profiles
that intersect the Hawaiian Islands ridge between Oahu and Molokai [Watts et al., 1985] (see Figure 2a)
after (a) corrections for swell topography, thermal isostasy, and crustal thickness, (b) subsidence history in-
ferred from submerged reefs northwest of Hawaii [Moore and Clague, 1992] and model predictions from
two cases, (c) and depth distribution of normalized seismicity [Anchieta et al., 2011].
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procedures. We will then present models with increasing
realism in lithospheric rheology and systematically explore
sensitivity of model results to rheological parameters and
loading history.

5.1. Simple Models With an Effectively Elastic Plate

[44] These models have two layers of different viscosity: a
high-viscosity top layer and a low-viscosity bottom layer,
which effectively simulates the classical elastic plate flexure
model. The top and bottom layers are assumed to have uni-
form viscosity of 1027 Pa s and 1021 Pa s, respectively, that
are independent of stress and temperature (i.e., no brittle
and nonlinear rheology). For the loading time scale consid-
ered here (i.e., several million years), this two-layer model
is effectively the same as an elastic plate, in that the high-
viscosity top layer supports the loads at the end of the loading

process, while the low-viscosity bottom layer with its fast
stress relaxation has vanishingly small stress [e.g., Watts
and Zhong, 2000].
[45] Case S1 has a top layer thickness of 30 km, which is

similar to the inferred elastic thickness for Hawaii from
the elastic plate model [Wessel, 1993]. The flexure for the
present-day matches the overall geometry of the loads with
the largest flexure of ~5 km occurring beneath Hawaii
(Figures 4a and 4b). This predicted flexure compares well with
the seismically constrained flexure, although the model in gen-
eral underpredicts the flexure north of the island chain
(Figures 4a and 4b; the size of symbols in Figure 4a represents
the amount of deviation). The overall misfit of the predicted
flexures for all the sites, as defined in equation (18), is 0.311.
[46] The calculated flexure is time dependent, as the sur-

face loads are applied in five time stages (see section 3.2).

Figure 4. Model prediction (a) of the present-day flexures in a mapview and (b) for the Oahu/Molokai
profiles (plotted against y coordinates) for Case S1, and the present-day flexures for Cases (c) S2 and (d)
S5. In Figures 4a, 4c, and 4d, the contour levels are 0.1, 0, �1, �2, … in kilometer, and x and y axes are
for longitudinal and latitudinal directions, respectively. The symbol represents the difference between the
modeled and observed flexure for each site with symbol size as the magnitude of the difference, circles
for underpredictions, and triangles for overpredictions. In Figure 4a, the black lines mark cross sections
AA’ and BB’. In Figure 4b, the red symbols represent the model predictions, while the black symbols
are the corresponding observations.
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In the Hawaiian region, the flexures are mostly affected by
the fourth stage of loading in which the loads are added con-
tinuously as a linear function of time between 1.1Ma and
100 Ka ago with no new loads added subsequently (Table 1
and Figure 2d). The flexures in the Hawaiian region, as indi-
cated by profiles AA’ and BB’ (see Figure 4a for the profiles’
locations), increase with time as the loads increase (Figure 5a
for the present day, 100, 240, 360, 480, 600, and 720 Ka before
the present day). However, the change with time in the flexures
for the last 100 Ka after the loading ends is negligible.
[47] This temporal pattern in the flexures is controlled by

stress relaxation and redistribution in the mantle and plate.
As volcanic loads are added to the surface, they introduce
stresses in the mantle and plate. The stress in the mantle re-
laxes relatively rapidly on a time scale of ~10 Ka which is re-
lated to the mantle Maxwell time or mantle viscosity of
1021 Pa s that is used in our model. However, the high viscos-
ity in the plate leads to a much slower stress relaxation in the
plate. Therefore, as the mantle stress relaxes, the stress in the
plate will necessarily increase in order to support the loads,
and the increased stress in the plate is accompanied by an in-
crease in flexure. For example, at 100 Ka ago when the load-
ing just ended, the stress in the mantle below Oahu/Molokai
is ~106 Pa (Figure 5b for the second invariant of the stress
tensor along cross sections AA’ and BB’). At the present
day, the maximum mantle stress is relaxed to ~105 Pa, while
the plate stress and flexure are increased slightly (Figures 5a
and 5c). The amplitude of the stress for the present day in
Case S1 is high in the plate, reaching up to 300MPa in local-
ized regions below the major loads (Figure 5c). It should be
noted that there is still stress relaxation in the present-day

mantle, but because of its small mantle stress (<105 Pa), the
stress relaxation has no discernable effects on the stresses
and flexures in the deformed plate (Figure 5a).
[48] Models with plate thicknesses varying from 20 to

60 km (Cases S2–S8 in Table 3) are also computed. A thicker
plate leads to a smaller flexure at the present day. Case S2
with a plate thickness of 20 km generally overpredicts seis-
mically constrained flexures significantly, while Case S5
with a plate thickness of 40 km underpredicts them
(Figures 4c and 4d). Case S1 with a plate thickness of
30 km yields the minimum misfit value between observed
and calculated flexures (Figure 6a). A larger flexure for a
thinner plate is accompanied by a larger stress, and the max-
imum stress is >500MPa for cases with plate thicknesses
<30 km (Figures 7a–7b). It is also noted that for all the cases,
lithospheric stress is minimum in mid-plate where the neutral
plane is located (e.g., Figures 5b, 7a, and 7b). The magnitude
and pattern of stress in the plate are generally consistent with
previous studies of loading on an elastic plate [e.g.,
Kanamori, 1980; Watts, 2001].
[49] It is important to note here that there are considerable

uncertainties with mantle viscosity and the loading history in
both its temporal and spatial patterns. It is therefore necessary
to explore the effects of these uncertainties on the predicted
present-day flexures (e.g., Figures 4a and 4b). Cases S9 and
S10 have mantle viscosities of 2 × 1021 Pas and 5× 1020 Pas,
respectively, but otherwise are the same as Case S1
(Table 3). With mantle viscosity that is half of that for Case
S1, Case S10 shows nearly identical present-day flexures to
Case S1 (Figure 7c for profile AA’ and Table 3 for total mis-
fit). This is expected because with an even smaller mantle

Figure 5. (a) The flexures at 720, 600, 480, 360, 240, and 100 ka ago and at the present day (black solid
curves), (b) distribution of the second invariant of stress for the present day and for 100 Ka ago for cross
sections AA’ and BB’ (see Figure 4a for their locations) for Case S1. In Figure 5a, the flexures at 120
Ka and 240 Ka into future are also plotted and they overlap with that for the present day. In Figures 5b
and 5c, the stress contours are for 100MPa and 300MPa.
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viscosity than Case S1, mantle stress in Case 10 relaxes rap-
idly to a diminishingly small level at the present day (i.e., 100
Ka after the loading ended), and as in Case S1, volcanic loads
are all supported by the plate. With a larger mantle viscosity
and hence slower mantle stress relaxation than Case S1, Case
S9 has a larger mantle stress (~106 Pa) and smaller plate
stress and flexure at the present day than Case 1 does
(Figures 7c and 7d), but the difference is small. We believe,
therefore, that the uncertainties in the upper mantle viscosity
do not affect our results, provided that the upper mantle vis-
cosity is smaller than 2 × 1021 Pas, a condition that is well
supported by postglacial rebound studies [e.g., Paulson
et al., 2007; Mitrovica, 1996].
[50] We point out that Cases S9 and S10 with their differ-

ent mantle viscosities η0 can also be interpreted as models
with different loading times, because our models are com-
puted in nondimensional quantities and the model time is
scaled by the mantle Maxwell time tM. For example, for
Case S1 with η0= 1021 Pas, tM is ~1000 years and the model
computes for ~2100tM to cover the total of 2.1Ma loading
time (Table 1). For Cases S9 with η0 = 2× 1021 Pas and S10

with η0= 5 × 1020 Pas, the models compute for about
1050tM and 4200tM, respectively, for the loading time of
2.1Ma. However, if η0 = 1021 Pas is used to define the
Maxwell time to scale the time for Cases S9 and S10, then
their model times of 1050tM and 4200tM would correspond
to 1.05Ma and 4.2Ma loading times for Cases S9 and S10,
respectively. While this rescaling affects the subsidence rate
and strain rate (i.e., the time-dependent parameters), it does
not affect results for the present-day flexures or stresses.
The fact that Cases S9 and S10 produce nearly identical pres-
ent-day flexures to Case S1 suggests that the shortened load-
ing time of 2.1Ma (Table 1) should not affect our
conclusions that are based on the present-day flexures. We
will revisit this loading time issue later for models with real-
istic thermal and viscosity structures.
[51] Case S11 considers a different spatial pattern in the

loading history model but is otherwise identical to Case S1
(Table 3). In Case S11, for each of the four loading stages,
the loads are added continuously from west to east, differing
from that in Case S1 in which the loads are added at a con-
stant rate throughout the loading region. Figure 7c shows

Table 3. Model Parameters and Outputs

Case Te or High T Ec
b η0

b(1021 Pas) Low T plasticityc μf Misfit

S1 30 km 1 - - 0.311
S2 20 km 1 - - 0.435
S3 25 km 1 - - 0.339
S4 35 km 1 - - 0.328
S5 40 km 1 - - 0.364
S6 45 km 1 - - 0.404
S7 50 km 1 - - 0.443
S8 60 km 1 - - 0.511
S9 30 km 2 - - 0.306
S10 30 km 0.5 - - 0.312
S11a 30 km 1 - - 0.315
R1 360 KJ/mol 0.1 M 0.7 0.534
R2 360 KJ/mol 0.1 M1 0.7 0.492
R3 360 KJ/mol 0.1 M2 0.7 0.605
R4 240 KJ/mol 0.1 M 0.7 0.532
R5 480 KJ/mol 0.1 M 0.7 0.541
R6 480 KJ/mol 0.01 M 0.7 0.535
R7b 480 KJ/mol 0.1 M 0.7 0.533
R8 360 KJ/mol 0.1 EG 0.7 0.420
R9 360 KJ/mol 0.1 R 0.7 0.383
R10 360 KJ/mol 0.1 KK 0.7 0.459
R11 360 KJ/mol 0.1 M(102) 0.7 0.503
R12 360 KJ/mol 0.1 M(104) 0.7 0.435
R13 360 KJ/mol 0.1 M(106) 0.7 0.356
R14 360 KJ/mol 0.1 M(108) 0.7 0.295
R15 360 KJ/mol 0.1 M(1010) 0.7 0.305
R16d 360 KJ/mol 0.1 M(108) 0.7 0.291
R17a 360 KJ/mol 0.1 M(108) 0.7 0.291
R18 360 KJ/mol 0.1 M 0.1 0.472
R19 360 KJ/mol 0.1 M(104) 0.1 0.336
R20 360 KJ/mol 0.1 M(106) 0.1 0.278
R21 360 KJ/mol 0.1 M(104) 0.25 0.398
R22 360 KJ/mol 0.1 M(106) 0.25 0.314
R23 360 KJ/mol 0.1 M(108) 0.25 0.288

aAll the cases use a loading history model in which the amplitude of the loads in a given stage grows linearly with time and loading times are listed in
Table 1, except for Case S11 in which the load is added eastward and for Case R17 in which the loading times are doubled of those in Table 1.

bFor high-temperature creep flow law (i.e., equation (10)), all the cases use a transition stress σtran = 3 × 10
5 Pa except for Case R7 in which σtran = 3 × 10

4 Pa
to enhance the stress weakening effect. Ec is the high-temperature creep activation energy, and η0 is the asthenospheric viscosity in equation (10). For S
models, Te is the thickness of the top high-viscosity layer and η0 is the viscosity of the mantle below the high-viscosity layer.

cFor low-temperature plasticity, M, EG, R, and KK represent the flow laws by Mei et al. [2010], Evans and Goetze [1979], Raterron et al. [2004], and
Katayama and Karato [2008] as defined in Table 2. M1 differs from M only in using Ep= 270 KJ/mol, while M2 differs from M only in having low-temper-
ature plasticity at temperature less than 1000°C. The number in parentheses is the weakening factor relative to standard [Mei et al., 2010].

dCase R16 uses seafloor age of version 3.2.
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the flexures at 480, 720 Ka ago, and the present day along
profile AA’ for Case S11 (dashed lines) and their counter-
parts for Case S1 (solid lines). While the different loading
histories give rise to different time-dependent flexures be-
tween Cases S11 and S1 during the loading, they are indis-
cernible at the present day or 100 Ka after the loading
ended (the overlapping black dashed and solid curves in
Figure 7c). This suggests that different loading histories do
not affect the present-day flexures, provided that the loads
are added about 100 Ka before the present day—a duration
of time during which the relaxation is controlled by the
sublithospheric mantle viscosity. This also justifies the sig-
nificantly shortened loading time for the loads west of
Oahu, compared to the ages of those loads (Table 1).
[52] It is also interesting to note that Case S1 reproduces

the last 500 Ka subsidence history northwest Hawaii as ob-
served in the submerged reefs, while Case S11 with different
loading history predicts too small subsidence for the same pe-
riod (Figure 3b). Since the total, cumulative subsidence is
nearly the same for Cases S1 and S11, there is more subsi-
dence at this site before 500 Ka in Case S11 than in Case
S1 (Figure 3b). Clearly, the subsidence history as revealed
from the submerged reefs provides important constraints on
the Hawaii island-building history [e.g., Moore and
Clague, 1992]. However, in our current study, we focus on
the present-day flexures since these observations are insensi-
tive to loading history. For all the subsequent model calcula-
tions, we use the same loading history as in Case S1 (i.e.,
Table 1) that was demonstrated to reproduce the last 500
Ka vertical motion history at Hawaii. However, we do not

use the vertical motion history to constrain the loading
models, leaving it for future studies.

5.2. Models With a Reference Lithospheric Rheology

[53] We now consider models that use a realistic litho-
spheric rheology, namely Byerlee’s law, the exponential
law creep for low temperatures, and power law creep for high
temperatures (i.e., equations (10), (11), and (13)). Lithospheric
effective viscosity now is a continuous function of depth
due to the temperature-dependent viscosity, different from
S cases discussed in the preceding section. Therefore, real-
istic loading time scales will be required in order to capture
the possible stress relaxation in the lithosphere [e.g., Watts
and Zhong, 2000].
[54] We first describe Case R1 (Table 3) that employs the

reference rheological parameters. For high-temperature (i.e.,
>800°C) creep (equation (10)), the power law exponent n is
3.5, the transition stress σtran = 3 ×105 Pa, the activation energy
Ec is 360 KJ/mol, and the reference asthenospheric viscosity
η0 is 1020 Pa s. For low-temperature plastic deformation
(i.e., <800°C), the rheological equation in Mei et al. [2010]
(i.e., equation (11)) with At = 1.4 × 10

�7 s�1MPa�2,
Ep=320 KJ/mol, and σp=5.9GPa was employed. For Byerlee’s
frictional law (i.e., equation (13)), the frictional coefficient
μf is set to be 0.7, similar to the standard value from laboratory
studies [e.g., Kohlstedt et al., 1995]. In other cases to be
discussed later, we will also consider different rheological
parameters including Ec (e.g., from 240 to 480 KJ/mol), μf
(e.g., from 0.7 to 0.1), and different low-temperature plastic
deformation laws [e.g., Evans and Goetze, 1979; Raterron
et al., 2004; Katayama and Karato, 2008]. In contrast to the
S cases considered in the previous section, the rheological
equations (10)–(13) are all highly nonlinear and require an iter-
ative solution in the finite element modeling. Iteration for the
nonlinear rheology stops when the relative difference in solu-
tions of displacements between two consecutive iterations is
less than 1%. In the model calculation, a minimum mantle
viscosity is imposed at 1021 Pas, which permits a larger incre-
mental time for each time step (~250 years) and reduces the
computational cost. Importantly, the imposed lower bound
of mantle viscosity does not affect the model results for
the present-day flexure (e.g., Cases S8 and S9).
[55] The calculated present-day flexure for Case R1 is

significantly smaller in maximum amplitude than the seis-
mically constrained flexure with an overall misfit of 0.534
(Figures 8a and 8b). The misfit and the flexure are similar
to that from a plate with an elastic thickness of >60 km
(e.g., Figure 6a and Case S8 in Table 3). This is consis-
tent with the high stress (up to ~160MPa) and high effec-
tive viscosity in the top 60 km of the flexed plate
(Figures 8c and 8d for cross sections AA’ and BB’).
Note that the maximum effective viscosity is set to be
1027 Pa s in the model, but this should not affect the litho-
spheric stress relaxation and deformation on the time
scales (approximately several million years) of interest
here. The results from Case R1 therefore suggest that the
standard rheological models lead to a too stiff lithosphere
to explain the observed flexure.
[56] As is the case of the S models with an elastic plate

thickness of 60 km, there is also a neutral surface with mini-
mum stress and strain rate at a depth of ~30 km below the
loads and in their adjacent regions in Case R1 (Figures 8c

Figure 6. Misfit between the modeled flexures and the seis-
mically constrained depths to the top of oceanic crust (a) for
the S models with different elastic thickness and (b) for the R
models with different weakening factors and coefficient of
friction μf (i.e., 0.1, 0.25, and 0.7).
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and 8e). The maximum stress of ~160MPa occurs at a depth
of 55 km below Hawaii, while the maximum strain rate of
~10�16 s�1 is at ~65 km depth where the effective viscosity
is not as high as at shallower depths, which facilitates stron-
ger deformation. With a frictional coefficient μf= 0.7, the
frictional strength exceeds the maximum stress even at rela-
tively shallow depths, and consequently does not have signif-
icant effects on lithospheric stress and flexure.
[57] Mei et al. [2010] reported an uncertainty of ±50 KJ/

mol for activation energy Ep. Case R2 uses the lower bound
value of Ep, i.e., 270 KJ/mol, and is otherwise identical to
Case R1. The reduced Ep weakens the lithosphere and leads
to slightly larger flexures and an improved misfit in Case
R2 (a misfit of 0.492 in Table 3). Case R3 employs a temper-
ature threshold of 1000°C between the high-temperature
creep and low-temperature plasticity regimes but is otherwise
identical to Case R1. The larger temperature threshold
strengthens the lithosphere slightly, causing the misfit to in-
crease to 0.605 (Table 3).
[58] Cases R4–R7, which use different rheological parameters

for the high-temperature flow law, demonstrate that the flexures
are mostly insensitive to rheological properties at high tempera-
tures (>800°C). Cases R4 and R5, for example, have an activa-
tion energy Ec of 240 KJ/mol and 480 KJ/mol (Table 3),
respectively, which differs from Case R1’s 360 KJ/mol
but otherwise is identical to Case R1. The calculated
flexures from these two cases have nearly the same misfit to
the observed as in Case R1 (Table 3). In Case R6, the as-
thenospheric viscosity η0 is reduced to 1019 Pa s, while
Case R7 has a reduced transition stress σtran = 3 × 104 Pa
(Table 3). Both Cases R6 and R7 assume Ec = 480 KJ/mol.
Again, these two cases show similarly large misfits for the
flexures (Table 3). That the rheological properties at high
temperatures do not affect the flexures significantly is
expected, because the high-temperature flow law only affects
the mantle and lithosphere at depths larger than ~60 km while
the loads are mostly supported by the lithosphere at

shallower depths. Consequently, in the following calcula-
tions we will focus our effort on how low-temperature plas-
ticity and frictional properties of the lithosphere may affect
lithospheric deformation.

5.3. Effects of Different Low-Temperature Plastic
Flow Laws

[59] Cases R8, R9, and R10 are based on the low-tempera-
ture plasticity laws of Evans and Goetze [1979], Raterron
et al. [2004], and Katayama and Karato [2008], respectively
(Table 2 for rheological equations and parameters). Of these
three cases, Case R9 which uses the equation by Raterron
et al. [2004] produces the weakest lithosphere and hence
the largest flexures and the smallest misfit of 0.383 to the ob-
servations, while Case R10 which uses the equation of
Katayama and Karato [2008] produces the largest misfit at
0.459 (Table 3). The flexures from Cases R8, R9, and R10
correspond to those from elastic thickness of 47 km, 43 km,
and 51 km, respectively (Table 3). Katayama and Karato
[2008] also reported uncertainties for Peierls stress and the
pre-exponential constant. We therefore recomputed Case
R10 with the lower bound lithospheric strength but only
found a small decrease of the misfit from 0.459 to 0.439.
However, each of the three cases has smaller misfits than
Case R1 that assumes the low-temperature plasticity of Mei
et al. [2010]. This is consistent with the statement of Mei
et al. [2010] concerning their plastic rheology producing
the strongest lithosphere compared with previous studies.
[60] We note that the rheological equations of Mei et al.

[2010] and Katayama and Karato [2008] include the stress
in both the exponential function and pre-exponential term,
while the stress only appears in the exponential function in
Raterron et al. [2004] and Evans and Goetze [1979] (see
Table 2). The latter form may produce a nearly constant,
stress-independent strain rate, when the lithospheric stress
is ~200MPa or less as in our loading models, making it dif-
ficult to incorporate in loading models. Certainly, it would

Figure 7. Distribution of the second invariant of stress for the present day for Cases (a) S5 and (b) S2 that
have an effective elastic thickness of 40 km and 20 km, respectively, (c) flexures for Cases S1, S8, S9, and
S11, and (d) distribution of the second invariant of stress for the present day for Case S9 with elastic thick-
ness of 30 km and 2 × 1021 Pas viscosity for the mantle. All are for cross section AA’. In Figures 7a, 7b, and
7d, the stress contours are for 100, 300, and 500MPa, and the color scale is given in Figure 5. In Figure 7c,
the black, green, and blue curves are for the present day, 480, and 720 Ka before the present day, respec-
tively, while the solid and dashed curves are for Cases S1 and S11, respectively (note that the black dashed
and solid curves for the present day are overlapped). The dashed and solid red curves are for the present-day
Cases S9 and S10, respectively.
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be useful if the experimental data of Raterron et al. [2004]
and Evans and Goetze [1979] could be expressed in a similar
way to that ofMei et al. [2010]. For our remaining model cal-
culations, we limit our discussion to the low-temperature
plasticity equation in Mei et al. [2010].
[61] One outstanding question is the form of the low-

temperature plasticity law that is required to explain the
observed flexures in the vicinity of the Hawaiian Islands.
To address this question, we computed Cases R11–R15 in
which the low-temperature plasticity of Mei et al. [2010]
(i.e., equation (11)) was used with the same Peierls stress σp

and activation energy Ep but a different pre-exponential
constant At (Table 3). Specifically, At is increased by 2, 4,
6, 8, and 10 orders of magnitudes in Cases R11, R12,
R13, R14, and R15, respectively, with the strongest litho-
sphere in Case 11 and the weakest in Case R15. As litho-
spheric strength decreases, the load-induced flexures
increase. However, Case R14 produces the best overall
match to the observed flexures (Figures 9a and 9b) with a
misfit of 0.295 (Figure 6b and Table 3). Case R15 with the
weakest lithosphere overpredicts the flexure, causing a
larger misfit compared with Case R14.

Figure 8. Model results for the present day for Case R1. (a) The present-day flexures in a mapview and
(b) for the three profiles that intersect the Hawaiian Islands ridge between Oahu and Molokai (plotted
against y coordinates), (c) distribution of the second invariant of stress, (d) effectively viscosity, and (e)
strain rate for cross sections AA’ and BB’. The color scale for stress is in Figure 4. See Figure 4 caption
for the symbols in Figures 8a and 8b. The stress contour in Figure 8c is for 100MPa; the viscosity contours
in Figure 8d are for 1022, 1023, and 1024 Pas, respectively; the strain rate contours are for 10�17 s�1.
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[62] Compared with Case R1 that uses the reference rheo-
logical parameters, Case R14 with reduced lithospheric
strength produces a significantly thinner plate at the present
day that contains higher stress and strain rate (Figures 8c–
8e and 9c–9e). The higher stress in Case R14 leads to a
clearly defined increased flexure, which is equivalent to a re-
duced effective viscosity in high-stress regions below the
loads and in the bending regions due to the nonlinear rheol-
ogy (Figures 9c–9e). The stress pattern from Case R14 is
similar to Case S1 with 30 km elastic thickness that has a sim-
ilarly small misfit to the observed flexures (0.311 in Table 3),
although Case S1 is associated with a significantly larger
stress (Figure 5b).
[63] It is instructive here to compare the depth dependence

of stress and strain rate in the Hawaiian Island region for
Cases S1, R1, and R14 with the distribution of seismicity
(e.g., Figure 3c) [Anchieta et al., 2011]. The averaged stress

and strain rate for the present day is computed over a region
that is centered at Hawaii with a radius of 250 km for these
models (Figures 10a–10d). Case S1 shows two stress peaks
at the surface and 25 km depth, respectively, and a stress min-
imum at 15 km depth, while Case R1 has two stress peaks at
depths of 10 km and 60 km, respectively, and a stress mini-
mum at ~30 km depth (Figure 10a). That the stress increases
from the surface to 10 km for Case R1 reflects the increased
frictional strength with depth for this case. The magnitude
of strain rates is generally proportional to the stress, except
for the mantle where the relatively small viscosity may lead
to a large strain rate even with small stress (Figure 10b).
The averaged stress and strain rate for Case R14
(Figures 10c–10d) shows similar patterns to Case R1, but
the stress and strain rate minima and the second stress peak
for Case R14 occur at much shallower depths than in
Case R1.

Figure 9. Model results for the present day for Case R14. (a) The present-day flexures in a mapview and
(b) for the three profiles that intersect the Hawaiian Islands ridge between Oahu and Molokai (plotted
against y coordinates), (c) distribution of the second invariant of stress, (d) effectively viscosity, and (e)
strain rate for cross sections AA’ and BB’. The color scale for stress is in Figure 4, and the color scales
for viscosity and strain rate are in Figure 8. See Figure 4 caption for the symbols in Figures 9a and 9b.
The stress contour in Figure 9c is for 100MPa; the viscosity contours in Figure 9d are for 1022, 1023,
and 1024 Pas, respectively; the strain rate contours are for 10�17 s�1 and 10�15 s�1.
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[64] Interpretation of the seismicity distribution in terms of
our stress and strain rate calculations is not straightforward.
However, the seismicity in the Hawaiian Islands region
shows a remarkably similar depth dependence to the modeled
stress and strain rate. If we take the view that the high (low)
level of seismicity corresponds to large (small) stress or strain
rate in the lithosphere, we may conclude that the depth-
dependent stress and strain rate for Case R14 with weakened
lithosphere matches well with the seismicity pattern
(Figures 10c–10d), but the seismicity minima at ~20 km
depth and the second seismicity peak at ~40 km depth are
at too large depths for Case S1 but at too small depths for
Case R1 (Figures 10a–10b). Cases R1, R11–R15 therefore
demonstrate that the lithosphere needs to be significantly

weaker than predicted by the low-temperature plasticity law
of Mei et al. [2010] in order to match the observed flexures
and distribution of seismicity in the Hawaiian Island region.
[65] Although we have already discussed the effects of

loading history (e.g., the shortened loading times) and stress
relaxation in Cases S9–S11, we need to revisit these issues
for the R models, which incorporate more realistic thermal
and rheological structures. For example, lithospheric viscos-
ity in the R models varies continuously with temperature and
hence depth and so we would expect a more continuous lith-
ospheric stress relaxation with time. This potentially makes
both the lithospheric thermal structure and loading times
more critical to the model results. We have employed version
1.6 seafloor age [Muller et al., 1997] for determining

Figure 10. Depth dependences of horizontally averaged second invariant of stress and strain rate for (a, b)
Cases S1 and R1, (c, d) Cases R14 and R23, and (e, f) Cases R13, R22, and R20. Also shown in
Figures 10a–10f is the depth distribution of normalized seismicity (dashed curves with circles) at Hawaii
[Anchieta et al., 2011] (also see Figure 3c). The average is done within a circle of 250 km radius centered
at the big island of Hawaii.
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lithospheric thermal and viscosity structures for Cases R1–
R15 and for correcting the effect of thermal isostasy on the
observed topography and flexures. In Case R16, we repeated
Case R14 using the updated, high-resolution, oceanic crustal
age model of version 3.2 [Muller et al., 2008] for computing
lithospheric thermal and viscosity structures and for
correcting the topography and flexures. We found that the
model misfit was slightly reduced from 0.295 for Case R14
to 0.291 for Case R16, suggesting that the effect of the crustal
age difference between versions 1.6 and 3.2 on our model re-
sults is minor. In Case R17, we doubled the loading times for
each of the loading stages listed in Table 1, but Case R17 is
otherwise identical to Case R14. This time adjustment makes
the loading times for Oahu andMolokai more consistent with
the observations based on rock outcrop data [Clague and
Dalrymple, 1988]. However, we found that the adjusted
times in Case R17 have only a small effect on the model re-
sults of the present-day flexures which yield a misfit of
0.291, compared with 0.295 for Case R14 (Table 3). It should
be pointed out that Case R17 with a doubled loading time can
also be realized approximately by rescaling Case R14 using a
doubled η0 or 2 × 1020 Pa s, as discussed in section 5.1.
However, in contrast to the two-layer S models in section
5.1, the results from Case R17 differ slightly from simply

rescaling Case R14 because of the imposed viscosity cutoff
at 10η0 for computational efficiency.

5.4. Effects of Reduced Frictional Coefficient

[66] In Cases R1–17 presented in preceding subsections,
the frictional coefficient μf is 0.7. It has been suggested that
pore pressure may lead to reduced frictional strength for the
lithosphere [e.g., Kohlstedt et al., 1995]. This effect may be
modeled by reducing μf. Reducing μf may be equivalent to
weakening lithosphere from the top, in contrast to Cases
R11–R17 that reduce lithospheric strength from the bottom
by reducing the pre-exponential factor of the low-tempera-
ture plasticity law. Six cases with varying weakening factor
and μf are computed to examine the effect of reducing μf
(Cases R18–R23 in Table 3). Even with μf reduced to 0.1,
significant weakening for the low-temperature plasticity case
of Mei et al. [2010] is needed in order to match the observed
flexures (Figure 6b). For example, Case R18 with no weak-
ening is identical to Case R1, except that μf is reduced from
0.7 to 0.1. The misfit to the flexures for Case R18 is as high
as 0.472 (Table 3). With μf= 0.1, Cases R19 and R20 with
a weakening factor of 104 and 106 have a misfit of 0.336
and 0.278, respectively (Figure 6b, Table 3), and the latter
is the smallest misfit for all the cases computed in this study

Figure 11. (a) The present-day flexures for the three profiles that intersect the Hawaiian Islands ridge be-
tween Oahu and Molokai (plotted against y coordinates), (b, c) distribution of the second invariant of stress
and strain rate for cross section AA’ for Case R20, and (d, e) distribution of the second invariant of stress
and strain rate for cross sections AA’ and BB’ for Case R23. The color scales for stress and strain rate are in
Figures 4 and 8, respectively. See Figure 4 caption for the symbols in Figure 11a. The stress contour in
Figure 9c is for 100MPa, and the strain rate contours are for 10�17 s�1 and 10�15 s�1.
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(Figure 11a). Case R23 with a weakening factor of 108 and
μf = 0.25 only reduces the misfit slightly, compared with
Case R14 that has μf= 0.7 but is otherwise identical to Case
R23 (Figure 6b).
[67] Reducing μf leads to a reduced lithospheric strength,

more deformation, and smaller stress at shallow depths.
This is evident by comparing the depth distributions of stress
and strain rate of Case R23 (Figures 11d and 11e) with Case
R14 (Figures 9c and 9e). Case R23 with μf= 0.25 shows sig-
nificant deformation down to ~15 km depth below the loads
and in the bending zones, while the deformation is limited
to a much shallower depth in Case R14 with μf= 0.7. Case
R20 with μf= 0.1 displays significant deformation down to
an even larger depth of ~20 km, while the stress at shallow
depths is greatly reduced (Figures 11b and 11c). The horizon-
tally averaged stress and strain rate for cases with a different
weakening factor and μf demonstrate the depth dependences
more clearly (Figures 10c–10f). First, the stress increases
with depth more slowly for a smaller μf, as expected from
Byerlee’s law, leading to a deeper location for the first stress
peak for a smaller μf. Second, the second stress peak appears
to occur at the same depth of 30–40 km, independent of μf.
Third, the minimum strain rate occurs approximately at the
same depth location as the stress minimum, i.e., at a larger
depth for a smaller μf.
[68] It is interesting to compare the depth dependences of

averaged stress and strain rate from the models with the ob-
served seismicity. Among the cases with a relatively small
misfit between observed and calculated flexures (i.e., ~0.30
or less for Cases R14, R20, R22, and R23 in Table 3 and
Figure 6b), all the cases with μf = 0.7 and 0.25 yield a mini-
mum strain rate at ~20 km depth which is the same depth
where the seismicity is a minimum (Figures 10d and 10f),
but Case R20 with μf = 0.1 has the minimum strain rate and
stress at ~30 km depth, which is significantly deeper. All
these cases produce a peak in strain rate near the surface,
which corresponds well to the peak in seismicity. These cases
also produce a stress peak at ~30–40 km, which corresponds
well with the second peak in seismicity (Figures 10c and
10e). These model calculations suggest that the observed
flexures and seismicity at Hawaii are best explained by a lith-
ospheric rheology with that combines a frictional coefficient
μf between 0.25 and 0.7 with a low-temperature plasticity
law that is significantly weaker than Mei et al. [2010] by a
factor of 106 and 108.

6. Discussion

6.1. Low-Temperature Plasticity for Lithosphere

[69] Lithosphere deformation may operate under three re-
gimes: frictional sliding, semi-brittle, and plastic flow (i.e.,
low-temperature plasticity and high-temperature creep), and
all three regimes are highly nonlinear. By modeling the
nonlinear deformation of the lithosphere in response to the
volcanic loads of the Hawaiian Islands and comparing them
to the seismically constrained crustal flexures, stress and
strain rate, we have shown that the lithospheric deformation
at ~1Ma time scales is only sensitive to frictional sliding
and low-temperature plasticity and that the lithosphere is sig-
nificantly weaker than predicted from laboratory studies on
mantle rock or mineral samples. In particular, we have found
that the pre-exponential factor in the rheological equation of

low-temperature plasticity of Mei et al. [2010] needs to be
reduced by 6 to 8 orders of magnitude, in order to match
the observations (Figure 6b). Our calculations show that
low-temperature plasticity from other laboratory studies
[Evans and Goetze, 1979; Raterron et al., 2004; Katayama
and Karato, 2008] also leads to too strong lithosphere to
explain the flexures that are observed.
[70] There is likely to be a significant uncertainty exactly

where the brittle-plastic transition (i.e., the transition from
the semi-brittle deformation to low-temperature plasticity
or BPT) occurs (Figure 1) [Kohlstedt and Mackwell, 2009;
Mei et al., 2010], and it is important to examine its effect
on our model results. As discussed in section 3.1.2, with
the poorly understood semi-brittle regime, which is unac-
counted for in our models, the effective lithospheric viscos-
ity for temperatures colder than 800°C is mostly determined
from the low-temperature plasticity, except possibly for
shallow regions of lithosphere where the frictional strength
is predicted to be small from Byerlee’s law. With this model
assumption, it is likely that the semi-brittle deformation in
some regions of the lithosphere is approximated by low-
temperature plastic deformation. However, we believe that
this approximation is justified and may not introduce signif-
icant errors. This is because the semi-brittle deformation
may only be important in the lithosphere at temperatures
~400–500°C (i.e., BPT) where the lithospheric strength
and effective viscosity are high (Figure 1) and where the
lithospheric stress is not relaxed and is supported elastically
on long loading time scale (i.e., several million years) (i.e., it
behaves essentially elastically). On such time scales, the
effective viscosity only needs to be as high as ~1024–1025 Pa s
for the lithosphere to behave elastically. Our model calcu-
lations show that the effective viscosity predicted from
low-temperature plasticity is sufficiently high under these
temperatures and stress conditions (Figure 9). Therefore,
we do not believe that representing the semi-brittle regime
by low-temperature plasticity introduces significant errors
to our results.
[71] In appealing to the low-temperature plasticity to ex-

plain the seismically constrained observations, we only var-
ied the pre-exponential factor in the rheological equation
for low-temperature plasticity while keeping the activation
energy, Peierls stress, and other parameters the same as that
in Mei et al. [2010]. However, this does not rule out other
possible ways to weaken the lithosphere, such as reducing ac-
tivation energy or Peierls stress. As pointed out byMei et al.
[2010], there are significant differences among the published
low-temperature plasticity flow laws, due to differences in
experimental techniques and conditions. The low-tempera-
ture plasticity laws of Raterron et al. [2004] and Demouchy
et al. [2013], for example, lead to relatively weak lithosphere,
while those of Mei et al. [2010] represent the strongest. We
did not fully test how much variation in these flow laws
would be required in order to match the observations. As
discussed in section 5.3, Raterron et al. [2004] and Evans
and Goetze [1979] employed a purely exponential flow law
that is not as useful in modeling lithospheric deformation
with <100–200MPa stress. The experimental data from
these studies may be refit to the same equations as Mei
et al. [2010] that can be fully tested with our loading models
in future studies. It is also important to note that when apply-
ing flow laws derived from laboratory studies to model in situ

ZHONG AND WATTS: CONSTRAINING LITHOSPHERE RHEOLOGY

6043



observations (e.g., flexures), although it is often necessary to
vary one or more parameters (e.g., activation energy or pre-
exponential factor) from modeling perspective, the resulting
flow laws may become inconsistent with the original
experimental data.
[72] Laboratory studies for low-temperature plasticity are

often performed on single-crystal or polycrystalline samples
at significantly larger strain rate (~10�5 s�1) and stress
(~1000MPa) conditions than in natural settings. While these
laboratory studies provide important insights about the
physics of deformation, a long-standing challenge has
been how to apply these studies to in situ geodynamic and
tectonic problems on the one hand and whether other mech-
anisms contribute to the deformation on the other hand. For
example, Ohuchi et al. [2010] reported that the presence of
orthopyroxene may reduce lithospheric strength signifi-
cantly. Based on analyses of peridotite mylonites, Warren
and Hirth [2006] and Jaroslow et al. [1996] suggested that
grain size reduction may lead to shear localization and permit
diffusion creep at temperatures down to ~600°C, thus weak-
ening oceanic lithosphere significantly. We believe that
modeling in situ observations such as load-induced flexure
is essential for developing independent and complementary
constraints on lithospheric rheology and for calibrating labo-
ratory studies. Our conclusion for relatively weak lithosphere
is consistent with previous loading calculations using linear
viscoelastic rheology, which indicated that in order to ex-
plain the relationship between elastic plate thickness and
plate and load age, the activation energy for the mantle rheol-
ogy was required to be small at ~150 KJ/mol [Courtney and
Beaumont, 1983;Watts and Zhong, 2000;Watts et al., 2013].
However, due to technical limitations, these previous loading
calculations only considered diffusion creep and excluded
the nonlinear deformation regimes.

6.2. Coefficient of Friction of the Lithosphere

[73] Lithospheric strength at relatively shallow depths is
limited by the frictional properties of the lithosphere (i.e.,
Byerlee’s law), and enhanced pore pressures may reduce fric-
tional and hence lithospheric strength [e.g., Kohlstedt et al.,
1995]. The effect of enhanced pore pressures may be simu-
lated by reducing the frictional coefficient, μf. In our loading
calculations, reducing μf results in a weakened lithosphere,
reduced stress, and enhanced deformation at shallow depths
(<20 km) (Figures 11b–11e), which leads to increased
load-induced flexures and an improvement in model misfit
(Figure 6b). Depending on the low-temperature plasticity
law (i.e., weakening factors of 106 or 108), loading models
with μf from 0.7 to 0.1 explain the observed flexures nearly
equally well (Figure 6b), suggesting a trade-off between
low-temperature plasticity and μf.
[74] However, the depth distribution of seismicity beneath

Hawaii may provide constraints on μf, if seismicity can be
regarded as a measure of the regional deformation [e.g.,
England and Molnar, 1997] rather than a local response to
magmatic processes. Anchieta et al. [2011] showed that seis-
micity is at a minimum at a depth of ~20 km in Hawaiian
Islands region (Figure 3c). Among the models that match
well the observed flexures with weakening factor of 106–
108 and μf from 0.1 to 0.7 (Figure 6b), all the models with
μf from 0.25 to 0.7 produce a minimum in stress and strain
rate at about the same depth (i.e., ~20 km) as the observed

minimum in seismicity, but the model with μf= 0.1 yields a
minimum in stress and strain rate at a significantly larger
depth (~30 km) (Figures 10c–10f). Although this model with
μf = 0.1 matches the seismically constrained flexures the best
(Case R20 in Table 3 and Figure 6b), the distribution of seis-
micity appears to support μf between 0.25 and 0.7.
Our loading models also indicate that averaged strain rate
and spatially varying strain rate at shallow depths are very
sensitive to μf (Figures 10d, 10f, 11c, and 11e). An additional
constraint on μf may be possible by further analysis of the
seismicity distribution and comparison with the modeled
strain rates.
[75] In situ stress measurements in deep (up to 9 km depth)

boreholes on continents indicate that μf is 0.6 which is con-
sistent with the results of laboratory studies [Zoback and
Townend, 2001]. If we consider the effect of hydrostatic
pore-fluid pressure, then the nominal μf is ~0.4. Our study,
if we take into account the seismicity constraints, suggests
that μf ranges from 0.25 to 0.7 for oceanic lithosphere, which
is broadly consistent with the in situ stress measurements
on continents. Our calculations show that the load-induced
lithospheric stress at Hawaii may reach 100–200MPa
(Figures 9c, 11b, and 11d) which is in accord with previous
studies [e.g., Kanamori, 1980]. This stress may reflect the
highest lithospheric stress, given that Hawaiian Islands are
among the largest loads to have been emplaced on the surface
of the Earth.
[76] It should be pointed out that interpreting the short-

term seismic deformation in the context of long-term litho-
spheric deformation is not without difficulties. It has been
suggested on the basis of frictional behavior of olivine aggre-
gates, for example, that the depth of the ~600°C isotherm is
the approximate limit of the seismicity in the oceanic litho-
sphere and hence marks the BPT [Boettcher et al., 2007].
However, at Hawaii, the 600°C isotherm is at ~40 km depth
[e.g., Watts and Zhong, 2000] where the seismicity is at its
second peak with notable seismicity that goes beyond
60 km depth (Figure 3b) [Anchieta et al., 2011]. This suggests
that the brittle/seismic deformation and plastic flow regimes
may overlap and so we cannot rule out either regime at a depth
>40 km. Our calculations demonstrate that the oceanic litho-
sphere at Hawaii at a depth >40 km must have sufficiently
small effective viscosity beneath the loads such that it is unable
to support the stress on a ~1 Ma loading time scale.

6.3. Implications for Mantle Dynamics
and Plate Tectonics

[77] One of the most important goals in geodynamics is to
understand how plate tectonics emerges dynamically from
mantle convection. In particular, we may ask why Earth has
plate tectonics or mobile lid convection while other terrestrial
planets like Venus have stagnant lid convection [Bercovici,
2003]. Treating the mantle as purely viscous flow with
pseudoplastic rheology, Moresi and Solomatov [1998]
reported that mobile lid convection is expected if the coeffi-
cient of friction μf is between 0.03 and 0.13, while larger μf
leads to stagnant lid convection. Similar conclusions have
been drawn from 3-D convection models [Tackley, 2000;
Foley and Becker, 2009; van Heck and Tackley, 2008].
Some model calculations employed a constant yield stress
and found that the yield stress needs to be< ~100MPa to
produce mobile lid convection [Richards et al., 2001].
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[78] Our loading calculations show that while the seismi-
cally constrained flexures in the region of the Hawaiian
Islands permit a coefficient of friction μf from 0.1 to 0.7
for oceanic lithosphere, the depth-dependent seismicity at
Hawaii is consistent with μf ranging from 0.25 to 0.7 but
not 0.1. Therefore, our results present a challenge to thosemantle
dynamic models that consider a small coefficient of friction
in order to generate a mobile lid, plate tectonic type of mantle
convection. On the other hand, the fact that our loading studies
reveal that the maximum lithospheric stress is 100–200MPa
is collaborative evidence to support those mantle dynamic
models that consider relatively small (~100MPa) yield
stresses. However, it is also important to recognize that the
maximum lithospheric stress that we have derived does
not necessarily reflect the lithospheric strength. We believe
that the loading calculations as presented here help con-
strain lithospheric rheology and stress that should ultimately
improve our understanding of the conditions that are
required for the generation of plate tectonics on Earth.

6.4. Limitations of Our Loading Models
and Future Improvements

[79] Our loading models ignore mantle compressibility and
exclude the crust. Mantle compressibility and the crust do
not, in general, affect the load-induced vertical motion signif-
icantly, as demonstrated in postglacial rebound studies
[Paulson et al., 2007]. Therefore, we believe that our general
results are not affected significantly by ignoring these factors.
We note though that the differential restoring force at the top
and bottom of the oceanic crust is included in our models.
Mantle compressibility and the crust have been recently
incorporated in a spherical version of our loading models
(i.e., in the code CitcomSVE) [A et al., 2013]. A significant
advantage of including mantle compressibility is to more
realistically simulate mantle elastic structure (e.g., from
either preliminary reference Earth model or regional seismic
models). We plan to implement mantle compressibility
and the crust into our 3-D regional loading models as in
CitcomSVE [A et al., 2013] to make the model more gener-
ally applicable to geophysical problems.
[80] The loading models presented here are based only on

surface loads and ignore the possibility of subsurface (i.e.,
buried) loads, as is the case in most previous oceanic flex-
ure studies [e.g., Watts and ten Brink, 1989; Wessel, 1993;
Pritchard et al., 2007]. Buried loads include intrusive vol-
canic rocks often found near the Moho which may have a
larger density (~3000 kg/m3) than the basaltic/gabbroic
crust (~2800 kg/m3) [e.g., Contreras-Reyes et al., 2010;
Richards et al., 2013]. It is challenging to assess the role
of buried loads and their effects. However, we note that
previous elastic plate models without buried loads
reproduced the observed free air anomalies remarkably well
at submarine volcanic loads [e.g., Watts and ten Brink,
1989; Wessel, 1993], suggesting that buried loads may not
affect the loading calculations significantly. Clearly, this is
a topic that deserves more future work.
[81] The predicted flexures from our loading models do not

match the seismically constrained flexures north of Oahu/
Molokai as well as they do for other comparison sites.
Watts and ten Brink [1989] encountered a similar problem
in their elastic plate modeling. We computed models to re-
place an infill dominated by volcanoclastic sediments (i.e.,

density of 2300 kg/m3) with one comprised mainly of volca-
nic rocks (i.e., density of 2800 kg/m3) but found the differ-
ences to be small. Watts and ten Brink [1989] suggested
that the Molokai Fracture Zone, which extends across the
Pacific Ocean from a transform fault on the East Pacific
Rise, to east of Molokai and then reappears on the west of
the Hawaiian Islands in the Mid-Pacific mountains region
(Figure 2b), may have affected the preexisting topography
prior to the main island shield building phase in the region.
For example, the crust near the fracture zone northeast of
the channel separating Oahu and Molokai is thinner than be-
neath the Hawaiian moat and flanking arch [Watts and ten
Brink, 1989]. We corrected the crustal thickness effects on
flexures assuming local isostatic compensation (equation
(17)), but this may introduce some errors in the flexures.
Future work is needed to resolve this discrepancy better.
[82] We used simplified loading histories (Table 1) and

demonstrated that loading histories do not significantly affect
the present-day flexure, based on comparison between Cases
S1 and S11. However, loading histories do influence the ver-
tical motion history (Figure 3b) and may affect present-day
strain rates as well. Future studies may explore the possibility
to use observed vertical motion history and strain rates at
Hawaii as discussed here to constrain both lithospheric rheol-
ogy and loading histories.
[83] Finally, several other deformation and weakening

mechanisms relevant to the lithosphere may need to be fur-
ther investigated. First, while Wessel [1993] and Watts and
ten Brink [1989] considered the potential effect of the
Molokai Fracture Zone as a fault in their elastic plate model,
our models ignore any possible weakening of the lithosphere
in the vicinity of the fracture zone. However, seismicity at
Hawaii does not show any preferred orientation with the
trend of the Molokai Fracture Zone [Anchieta et al., 2011].
This suggests to us that the fracture zone may not have signif-
icantly different long-term strength from the normal oceanic
lithosphere, thus supporting our models. Indeed, elastic
thickness estimates at nonslipping fracture zones suggest that
they may actually be stronger than normal oceanic litho-
sphere [Wessel and Haxby, 1990]. Second, the effects of
orthopyroxene [Ohuchi et al., 2010], shear localization from
grain size reduction [Warren and Hirth, 2006], and the role
of the poorly understood semi-brittle mechanism need to be
examined in future studies.

7. Conclusions

[84] We have developed a 3-D finite element model for
computing the load-induced surface deformation and stress
field for lithosphere and mantle with a nonlinear viscoelastic
rheology. The new loading model has been applied to a lith-
osphere with a realistic nonlinear rheology which includes
frictional sliding (i.e., Byerlee’s law), low-temperature plas-
ticity, and high-temperature creep and used to determine
the flexures and stresses associated with the emplacement
of the volcanic load of the Hawaiian Islands on ~80Ma
Pacific Ocean lithosphere for the last few million years. By
comparing model predictions with the seismically constrained
flexure of Pacific oceanic crust and the depth dependence of
seismicity in the Hawaiian region, we have sought to place
new constraints on the rheology of oceanic lithosphere. Our
main results are summarized as follows.
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[85] 1. The flexure of oceanic lithosphere caused by volcano
loads can be modeled using a viscoelastic model; a special case
of which is the classical elastic plate model. In accord with pre-
vious studies, our 3-D viscoelastic loadingmodels show that the
elastic plate beneath the Hawaiian Islands needs to be ~30km
thick in order to fit the seismically constrained flexures.
[86] 2. Flexure at the Hawaiian Islands is controlled by low-

temperature plasticity and frictional sliding but are insensitive
to high-temperature (>800°C) creep. Hence, observations of
flexures only provide constraints on low-temperature plasticity
and frictional sliding rheology.
[87] 3. Laboratory-derived low-temperature plasticity flow

laws tend to predict too thick or too strong lithosphere to
match the observed flexures at Hawaii. For example, the re-
cently published low-temperature plasticity flow law of Mei
et al. [2010] appears too strong and results in a ~60 km thick
effective elastic plate for the Hawaiian Islands region. To
match the observed flexures, the pre-exponential factor for
the low-temperature plasticity flow law of Mei et al. [2010]
needs to be reduced up to 6 to 8 orders of magnitude.
[88] 4. The observed flexures can be explained by a fric-

tional coefficient μf in the range 0.1 to 0.7 with a weakening
factor of 6 to 8 orders of magnitude for low-temperature plas-
ticity. However, μf= 0.1 weakens the shallow part of the lith-
osphere so much that it causes the minima in strain rate and
stress to occur at too large depths to be consistent with the
depth distribution of seismicity in the Hawaiian Islands re-
gion. Our results therefore suggest μf in the range of 0.25 to
0.7, broadly consistent with the laboratory value and in situ
borehole measurements in continents.

[89] 5. The maximum lithospheric stress beneath the
Hawaiian Island volcanic loads is about 100–200MPa for
models with the realistic nonlinear rheology that fits the ob-
served flexures. Given that Hawaiian Islands are among the
largest concentrated loads on Earth, this stress may be
viewed as the largest stress in the lithosphere on Earth.

Appendix A: The 2-D and 3-D Benchmark
Calculations for Load-Induced Deformation

[90] We present here 2-D and 3-D benchmark calculations
to demonstrate the accuracy of our finite element code. For
the 2-D Cartesian calculations, the box is 1500 km wide
and 600 km deep. The material in the box has a density of
3330 kgm�3, a shear modulus of 3.3333 × 1010 Pa, and a vis-
cosity of 1021 Pa s except for a top high-viscosity layer where
the viscosity is 1026 Pa s. We perform two calculations with
different thicknesses for the top layer, one at 25 km and the
other at 100 km. A load is applied at the left corner of the sur-
face (i.e., x = 0) at time zero and is maintained through time
(i.e., a Heaviside function). The load is 40 km wide at the
base, 30 km wide at the top, and 1 m high with the same den-
sity as the medium below (Figure A1). No infill is considered
in these benchmark calculations.
[91] The physics of this type of loading problem is rela-

tively straightforward as described in Zhong [1997] and
Watts and Zhong [2000]. At time zero, the load generates
elastic stress in the entire domain that supports the load.
With time, the stress in the bottom layer with smaller viscos-
ity relaxes viscously, while the stress in the top layer in-
creases to support the load. The stress in the bottom layer
largely vanishes after some characteristic time (i.e., some
multiples of the Maxwell time tM defined as the ratio of the
bottom layer viscosity or 1021 Pa s to shear modulus). The
flexure is relatively small at t= 0, as the load is supported
by the entire domain. As the stress decreases (increases) in
the bottom (top) layer with time, the flexure also increases.
After sufficiently long time, the flexure approaches the pre-
dictions of the elastic plate model [Zhong, 1997].
[92] These two 2-D cases with different top layer thick-

nesses are computed with both an analytical solution ap-
proach [Zhong, 1997] and our finite element method.
Figure A1 shows the analytical solutions (dashed curves)
for the load-induced flexure at time 0, 9512.95, 19,025.9,
and 76,103.6 years, or 0, 10, 20, and 80tM where tM is the
Maxwell time defined by the bottom layer viscosity. The case

Figure A1. Normalized flexures versus distance from the
center of the load for 3-D benchmark cases with elastic plate
thickness of (a) 25 km and (b) 100 km. Both analytical
(dashed curves) and finite element (solid curves) solutions
are plotted, but they nearly overlap each other. The four
curves in each figure are for times of 0, 10tM (9512.95 years),
20tM (19,025.9 years), and 80tM (76,103.6 years) since the
loading. Note that the load does not vary in y direction and
that the profile from 3-D model is taken at y = 300 km (i.e.,
at the middle of the box).

Table A1. Relative Errors ε in Percentage for the
Benchmark Calculations

Casea 0b 10tM 20tM 40tM 80tM

2-D 25 km 0.70 1.3 0.92 0.69 0.68
2-D 100 km 0.90 1.2 0.88 0.58 0.50
3-D 25 km-m 3.0 0.40 0.20 0.29 0.42
3-D 25 km-p 3.5 0.40 0.18 0.30 0.46
3-D 100 km-m 2.0 0.36 0.32 0.30 0.30
3-D 100 km-m-y 2.4 0.31 0.33 0.30 0.30

aCases 25 km and 100 km are for the thickness of the top layer. For 3-D
cases, “-m” designates a profile along the middle of the box at y= 300 km,
“-p” is for a profile at y= 600 km (i.e., the sidewall), and “-y” is for a case
with the load that is applied along y direction.

bAt different time t = 0, 10tM, 20tM, 40tM, and 80tM, corresponding to 0,
9512.95, 19,025.9, 38,051.8, and 76,103.6 years, respectively.
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with 25 km thick top layer shows a larger flexure including
the depression and the bulge than that with 100 km thick
top layer. For the modeling, 192 and 48 elements are used
in horizontal and vertical directions, respectively, with some
mesh refinements near the load. Time step Δt is 0.25tM. The
solutions from the finite element code agree well with analyt-
ical solutions with errors that are generally about 1% or less
at different times (Table A1), where the errors ε are defined as

ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∫
L

0
SFE xð Þ � SANA xð Þ½ �2dx

s
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∫
L

0
SANA xð Þ½ �2dx

s
; (A1)

where SFE and SANA are the flexures at a given time from fi-
nite element and analytical methods, respectively, and
L= 1500 km is the length of the profile.
[93] These two cases are also computed using the 3-D finite

element code for a box that has dimensions of 1500km,
600 km, and 600 km in x, y, and z directions, respectively, that
use 192, 48, and 48 elements in the three corresponding direc-
tions. The same load is along the x direction with no variations
in the y direction.Mesh refinements are applied in the x-z plane
in the same way as in 2-D calculations, but uniform mesh is
used in the y direction. Time step Δt is also equal to 0.25tM.
Flexures as a function of x along a profile at y = 300 km
(i.e., at the middle of the box) are plotted in Figure A1 (solid
curves) at time 0, 9512.95, 19,025.9, and 76,103.6 years for
these two cases, showing excellent agreement with the analyt-
ical solutions with similarly small relative errors to those from
2-D finite element calculations, except for the elastic response
at t=0 for which the errors are ~3% (Table A1). The relative
errors for profiles at y=0 and 600 km are also similar
(Table A1). The 3-D calculations are also performed with the
load applied along the y direction, and the accuracy of the
solutions is similar to that with the load applied in the x direc-
tion (Table A1). Based on these benchmark calculations, we
conclude that our finite element code is sufficiently accurate
for the volcano-loading situations discussed in this paper.
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