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Application of Initial Conditions in the Solution of the 1-D Wave Equation
for a String

Recall the string equation is
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where ¢ = /T/p is the speed of propagation of the wave travelling in the +z-direction. For a
string clamped at both ends, the solution for displacement y(z,t) is

o0
y(z,t) = Z sin kpz (Ap, cos wt + By, sinwt) , (2)
n=1
where the coefficients A,, and B,, depend on how the string is set into motion, i.e., on the initial
conditions, and k, = nw/L and w, = ck, where L is the length of the string and c is the speed
of propagation of waves on the string.
If f(x) and g(x) be the initial patterns of displacement and velocity imparted to the string,
then from equation (2) we see that:

y(z,0) = Z Apsinkpz = Z ap sin ky, z, (3)
e
v(z,0) = y(x,0) = Z wp By sinkpx = Z by, sin ky, x. (4)
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The final equality in equations (3) and (4) is just the expansion of f(z) and g(z) in a Fourier
Series. In both cases, the Fourier Series is only a sine-series because the boundary conditions
require that the function go to zero at the end-points (z = 0,2 = L). As usual, the coefficients
in the Fourier Series are given by:

L
an = %/ f(x) sin(kyz)dx, (5)
by, L/ ) sin(kyx)dz, (6)

Here the constant in front of the integral is 2/L rather than 1/L because of interval we're
considering goes from 0 to L rather than —L/2 to L/2. Comparison of equations (3) and (4)
with (5) and (6) reveals that:

A, = ap,= %/OLf(x) sin(kpz)dz, (7)
B, = Z—T; = wiL /OLg(x) sin(kyz)dz. (8)

These equations together with equation (2) give the solution to the problem with the initial
conditions imposed.
Example: Let y(z,0) = f(z) = yosin(2nrz/L) and y(z,0) = g(z) = 0. Then a, = yod,2 and

b, = 0 so
2 2
y(x,t) = yosin <%$> cos (WTCt> . 9)



